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Abstract. We provide a geometric characterization of rigidity of equality cases in 
Ehrhard's symmetrization inequality for Gaussian perimeter. This condition is formu- 
lated in terms of a new measure-theoretic notion of connectedness for Borel sets, inspired 
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1. Introduction 

1.1. Overview. Symmetrization inequalities are among the most basic tools used in the 
Calculus of Variations. The study of their equality cases plays a fundamental role in the 
explicit characterization of minimizers, thus in the computation of optimal constants in 
geometric and functional inequalities. Although it is usually easy to derive useful necessary 
conditions for equality cases, the analysis of rigidity of equality cases (that is, the situ- 
ation when every set realizing equality in the given symmetrization inequality turns out 
to be symmetric) is a much subtler issue. Two deep results that provide sufficient condi- 
tions for the rigidity of equality cases are Brothers-Ziemer theorem concerning Schwartz's 
symmetrization inequality for the Dirichlet-type integral functionals [BZ88], and Chlebik- 
j. ' Cianchi-Fusco theorem, concerning Steiner's symmetrization inequality for distributional 

perimeter [CCF05] (see [BCF13] for an extension of this last result to higher dimensional 
Steiner's symmetrization). In this paper we introduce a new point of view on rigidity 
of equality cases, that will allow us to provide characterizations of rigidity (rather than 
merely sufficient conditions) in various situations. 

We address the case of Ehrhard's symmetrization inequality for Gaussian perimeter. 
Ehrhard's symmetrization is a powerful device in the analysis of geometric variational 
problems in the Gauss space, the versatility of which is well-known in Probability Theory. 
Rigidity of equality cases for Ehrhard's inequality is an open problem, even at the level of 
finding sufficient conditions for rigidity. We shall completely solve the rigidity problem, by 
providing a geometric characterization of rigidity of equality cases. This characterization 
is formulated in terms of a measure-theoretic notion of connectedness, meaningful in the 
very general context of Borel sets, and inspired by the notion of indecomposable current 
adopted in Geometric Measure Theory; see [Fed69, 4.2.25]. Moreover, as we shall explain 
later on, the ideas and techniques developed here are not specific to the Gaussian setting, 
and open the possibility to obtain similar results in other frameworks. 

The rest of this introduction is organized as follows. In section 1.2 we introduce Gaussian 
perimeter, together with the Gaussian isoperimetric problem. This important variational 
problem motivates the notion of Ehrhard's symmetrization, presented in section 1.3. In 
sections 1.4 and 1.5 we introduce, respectively, the rigidity problem for Ehrhard's inequal- 
ity, and the measure-theoretic notion of connectedness we shall exploit in its solution. In 
section 1.6 we state our main result, Theorem 1.3, together with its proper reformula- 
tion in the planar setting. Finally, in section 1.7, we quickly illustrate the application of 
our methods to Steiner's symmetrization inequality, referring to the forthcoming paper 
[CCDPM13] for a complete discussion of this last problem. 



1.2. Gaussian perimeter and the Gaussian isoperimetric problem. We introduce 
our setting. Given a Lebesgue measurable set E C R n , we define its Gaussian volume as 



ln {E) = - \ - [ e-\ x \ 2 ' 2 dx. 
mal Gaussian-Hausdorff measure 



where % denotes the £:-dimensional Hausdorff measure on R n . (In this way, j n = T~l™ 
and ~H!t(S) = 1 whenever S is a fe-dimensional plane containing the origin.) The Gaussian 
perimeter of an open set E with Lipschitz boundary is then defined as 

P y (E) =%r\dE) = (27r)( ;_ 1)/2 j^ e-^dH-\ X ). (1.1) 

The most basic geometric variational problem in the Gauss space is, of course, the Gauss- 
ian isoperimetric problem, which consists in the minimization of Gaussian perimeter at 
fixed Gaussian volume. As it turns out, (the only) isoperimetric sets are half-spaces. 
The Gaussian isoperimetric theorem can be translated into a geometric inequality, with 
a characterization of equality cases. Indeed, if we define $ : RU {±00} — > [0, 1] and 
q> = $-! : [0, 1] ->• R U {±00} by setting 

1 f'°° 

$(*) = -=/ e~ s2/2 ds, i£RU{±oo}, (1.2) 
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then $(i) is the Gaussian volume of an half-space lying at "signed distance" t from the 
origin (more precisely, $(£) = j n ({xi > i\) for every t £ R). It is thus clear that, given 
A 6 (0,1), e~ ' ' ' 2 is the Gaussian perimeter of any half-space of Gaussian volume A, 
and thus the Gaussian isoperimetric inequality takes the form 

Pj(E) > e -*(74£)) 2 /2 j (L3) 

with equality if and only if, up to rotations keeping the origin fixed, E is an half-space 
with the suitable Gaussian volume, that is 



E = \ x £ R n : x n > * 



(ln(E))}. 



Inequality (1.3) was first proved by Borell [Bor75] and by Sudakov and Cirel'son [SC74]. 
Alternative proofs, either of probabilistic [BL95, Bob97, Led98, BM00] or geometric [Ehr83, 
Ehr84, Ehr86] nature, have been proposed during the years, although the characterization 
of equality cases has been obtained only recently, by probabilistic methods, by Carlen and 
Kerce [CK01]. Finally, a characterization of equality cases, and a stability inequality with 
sharp decay rate, were obtained in [CFMP11] building on the symmetrization methods 
introduced by Ehrhard in [Ehr83]. In passing, let us mention that the study of stability 
issues for Gaussian isoperimetry still poses some difficult questions; see [MN12] for some 
recent progresses in this direction. 

Let us notice that the natural domain of validity of the Gaussian isoperimetric inequality, 
and, in fact, of Ehrhard's symmetrization technique, is much broader than what we have 
explained so far. Indeed, Gaussian perimeter can be defined for every Lebesgue measurable 
set E C M n by setting 

P 1 (E)=H^ 1 {d c E)e [0,oo]. 
We recall that the essential boundary d c E of E is defined as 
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FIGURE 1.1. Ehrhard's symmctrization amounts in replacing the vertical sec- 
tions of a set with vertical half-lines with same Gaussian length and positive ori- 
entation. Note that, in this picture, the non-trivial vertical sections E z of E are 
constantly equal to a same segment. The corresponding sections E 8 Z of E 8 are thus 
constantly equal to the half-line of Gaussian length Vl{E z ). 



where, given t G [0, 1], E"> denotes the set of points of density t of E, 



E {t) 



x G 



lim 

r->0+ 



n n {EnB{x,r)) 



u n r'- 



and uj n is the volume of the Euclidean unit ball of W l . If E is an open set with Lipschitz 
boundary, then we trivially have d e E = dE, and thus this new definition of P^{E) provides 
a coherent extension of (1.1). In general, if P~/(E) < oo, then E is a set of locally 
finite perimeter, and in that case P-y(E) = H™~ 1 (d*E), where d*E denotes the reduced 
boundary of E; see section 2.5 for the terminology introduced here. (More generally, E is 
of locally finite perimeter if and only if E is of locally finite Gaussian perimeter, that is, if 
%™ _1 (.K" n d c E) < oo for every compact set K C W 1 .) Finally, we notice that, with these 
definitions in force, inequality (1.3) holds true for every Lebesgue measurable set E C M n , 
and equality holds if and only if, up to rotations around the origin, E is ^"-equivalent to 
the half-space {x G W 1 : x n > ^(-f n (E))}. 

1.3. Ehrhard's symmetrization. Ehrhard's approach [Ehr83, Ehr84, Ehr86] to the 
Gaussian isoperimetric inequality is based on a symmetrization procedure that is the 
natural analogous in the Gaussian setting of Steiner's symmetrization. The definition 
goes as follows. We decompose W 1 , n > 2, as the Cartesian product 



pra— 1 



pra— 1 



and q : 



I, denot- 
the horizontal and vertical projections, so that 



ing by p : R n - 

x = (px,qx), px = (xi, ...,x„-i), and qa; = x n for every x G W 1 . Given a set E C 

denote by E z its vertical section with respect to z G IR™^ 1 , that is, we set 



E z = it £R: (z,t) G E\ 



z G 
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Given a Lebesgue measurable function v : 



t>n— 1 



provided %\{E Z ) = v(z) for H n_1 -a.e. z G W 1 ^ 1 , and we set 



[0, 1], we say that E is f-distributed 



F 



H = { 



x G 



qx > 



tf(v(px))} , 
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for the ^-distributed set whose vertical sections are positive half-lines in the x n -direction. 
If E is a w-distributed set, then the Ehrhard symmetral E s of E is defined as 

E s = F[v] ; 

see Figure 1.1. By Fubini's theorem, Gaussian volume is preserved under Ehrhard's sym- 



metrization, that is, j n (F) = j n (E s ). At the same time, Gaussian perimeter is decreased 
under Ehrhard's symmetrization. Precisely, if there exists a ^-distributed set of finite 
Gaussian perimeter E, then F[v] is of locally finite perimeter, and Ehrhard's inequality 

P 7 (£)>P 7 (FM), (1.6) 

holds true. A proof of these facts based on the coarea formula is presented in [CFMP11, 
Section 4.1]. This approach also leads to the following theorem concerning equality cases, 
that will play an important role in the sequel. (Here, ve denotes the measure-theoretic 
outer unit normal to a set of locally finite perimeter E\ see section 2.5.) 

Theorem A. If E C R™ is a set of locally finite perimeter with P-y(E) = P 1 {E S ), then 

E z is ^-equivalent to a half-line for7-l n ~ 1 -a.e. z G R n-1 . (1-7) 

Moreover, if E satisfies (1.7), andd*E has no "vertical parts", that is, if 

U n ~ l ({x G d*E : qu E {x) = o}) = , (1.8) 

thenP^E) =P 1 (E S ). 

1.4. The rigidity problem for Ehrhard's inequality. We now turn to the rigidity 
problem related to the Ehrhard inequality. Given v : R n_1 — > [0, 1] such that 

M(v) = Ie C R n : E is w-distributed and P 7 (£) = Pj(F[v]) < ooj , 

is non-empty, we ask for necessary and sufficient conditions for having that 

E G M{v) if and only if either H n (EAF[v}) = or H n (EAg(F[v})) =0, (1.9) 

where g : R n — > R n denotes the reflection with respect to R n_1 , that is 

g(x) = (px, — qx) , ieR n . 

Simple examples show that the rigidity condition (1.9) may fail if we allow v to take the 
values or 1 (see Figure 1.2) and suggest that a reasonable sufficient condition for rigidity 
could amount in ruling out this possibility. At the same time, v may take the values 
and/or 1 and still rigidity may hold: an example is depicted in Figure 1.3. Thus, this 
plausible sufficient condition would be far from being also necessary. As it turns out, one 
needs to introduce some proper notions of connectedness in order to formulate conditions 
that effectively characterize rigidity. 

Before entering into this, let us notice how the need for working in a measure-theoretic 
framework arises naturally in here. Indeed, if w = v H n_1 -a.e. on M ra_1 , then F[v] and 
F[w] are ^"-equivalent (thus Pj(F[v\) = Pj(F[w\) G [0, oo]), a set E C W 1 is v-distributed 
if and only if it is undistributed, and M.{v) = M.(w). In particular, a condition like u v 
takes the value or 1 on a given set S" has no meaning in our problem if T{ n ~ l (S) = 0. 
We shall rule out these ambiguities by exploiting the notions of approximate upper and 
lower limits of a Lebesgue measurable function / : IR m — > R. Precisely, the approximate 
upper limit / v (x) and the approximate lower limit / A (x) of / at x € W 1 are defined by 
setting 

/ v (x) = inf It G R : x G {/ > t} {0) } , (1.10) 

/ A (x) = sup It G R : x G {/ < t} (0) | . (1.11) 

In this way, / v and f A are defined at every point of R m , with values in RU {±oo}, in such 
a way that, if f± = fc T-L m -a..e. on R m , then f^ = f% and f£ = f£ everywhere on R m . 
Moreover, / v and / A turn out to be both Borel functions on R m ; see section 2.3. 
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FIGURE 1.2. In the first example (two top pictures), the function v : M — >• [0, 1] 
takes the value 1 at the origin. The correspoding set F[v] is connected and there 
exists E e M(v) such that H 2 (EAF) = H 2 (EAg(F)) = oo. In the second 
example (two bottom pictures), we observe the same features in the case of a 
function v that takes the value at the origin. 



{0<v< 1} 




(i) 



FIGURE 1.3. In this example, {v A — 0} is a segment lying inside {0 < v < l}^. 
Nevertheless, we have rigidity of equality cases, as a vertical reflection of F[v] on 
any proper non-empty subset of {0 < v < 1} will create extra Gaussian perimeter. 



1.5. A measure-theoretic notion of connectedness. Given a open set G and an 
hypersurface K in M m , the intuitive idea of what does it mean for K to disconnect G is 
pretty clear: one simply expects K to be the relative boundary inside G of two non-trivial, 
disjoint open sets G+ and G- such that G+ U G_ = G. In this section, we precisely define 
what it means for a Borel set K C M m to "essentially" disconnect a Borel set G C M m , in 
such a way this definition is stable under modifications of K by 'H m ~ 1 -negligible sets, and 
of G by '^'"-negligible sets. 




FIGURE 1.4. If G = [0,1] x [-1,1] C M 2 and if C £ = [0,1] x {0}, then K 
essentially disconnects G if and only if H 1 (l\ K) = 0. Thus, the rational numbers 
in [0, 1] do not essentially disconnect G, while the irrational numbers in [0, 1] 
essentially disconnect G. 



In order to introduce our definition, let us first recall the measure-theoretic notion of 
connectedness used in the theory of sets of finite perimeter. A set of finite perimeter 
G C R m is indecomposable (see [DM95, Definition 2.11] or [ACMM01, Section 4]), if for 
every non-trivial partition of G into sets of finite perimeter {G+, G-} modulo T-L m , 



F(G + nG_) = 0, H m (GA(G+UG-)) = 0. 



n m (G + )n m (G-)>o, (i.i2) 

H m ~ 1 {d*G) =H m - 1 (d c G). (The 



we have that P{G) < P(G+) + P(G-), where P(G) 
indecomposability of G in this sense is equivalent to the indecomposability in the sense of 
[Fed69, 4.2.25] of the m-dimensional integer current on R m canonically associated to G.) 
More generally, we can say that a set of locally finite perimeter G C M m is indecomposable 
if there exists r > such that P(G;B r ) < P(G + ;B r ) + P(G^;B r ) for every r > r 
and for every non-trivial partition of G into sets of locally finite perimeter {G + ,G_}. 
Indecomposability plays for sets of finite perimeter the same role that connectedness plays 
for open sets; see, for example, the various results supporting this intuition collected in 
[ACMM01, Section 4]. At variance with topological connectedness, indecomposability has 
however the following important stability property: if G± is an indecomposable set and 
G 2 is % m -equivalent to G±, then G 2 is an indecomposable set too. 

We now want to extend the notion of indecomposability to arbitrary Borel sets. Indeed, 
a pretty obvious necessary condition for rigidity in Ehrhard's inequality should be the 
"connectedness" of {0 < v < 1}. Of course, for the reasons explained so far, topological 
connectedness is not suitable here. Moreover, the Borel set {0 < v < 1} defined by 
v G -£>V/ oc (R n_1 ; [0, 1]) may fail to be of locally finite perimeter (see Example 3.9), and 
in that case we may not exploit indecomposability. Finally, we shall in fact need to give 
a precise meaning to the idea that a Borel set "disconnects" another Borel set. This is 
achieved as follows. Given two Borel sets K and G in R m , m > 1, we say that K essentially 
disconnects G if there exists a non-trivial Borel partition {G+, G-} of G modulo 7i m with 

n rn-lff G (l) ng e G+nd e G _\ \ R \ = Q ( L13 ) 

Of course, we say that K does not essentially disconnect G if for every non-trivial Borel 
partition {G+, G_} of G modulo H m we have 



H 



m—l 



G (1) n5 c G+na c G_) \k) >o. 



Finally, we say that G is essentially connected if 
example is depicted in Figure 1.4. 



(1.14) 



does not essentially disconnect G. An 



(i). 



Remark 1.1. If H m (GiAG 2 ) = 0, then G\ L > = G 

if and only if K essentially disconnects G 2 - Similarly, if / H m ~ 1 (KiAK2 

essentially disconnects G if and only if K 2 essentially disconnects G. 



thus, K essentially disconnects G\ 

0, then K x 



Remark 1.2. We shall prove in Remark 2.3 that a set of locally finite perimeter G C M m 
is indecomposable if and only if 'H m ~ 1 (G^ 1 ' n d c G+ n d c G-) > for every non-trivial 
Borel partition {G+,G_} of G modulo H m . Therefore, a set of locally finite perimeter 
is indecomposable if and only if it is essentially connected. At the same, the notion of 
essential connectedness makes sense on arbitrary Borel sets. Actually, by replacing G^ 1 ' 
with (]R m \ Gp°> in the definition of d c G, we define a notion of connectedness that should 
retain reasonable properties even when G is a non- necessarily measurable set in W 71 . 

1.6. Characterizations of rigidity for Ehrhard's inequality. We are finally into the 
position of stating our characterization of rigidity of equality cases in Ehrhard's inequality. 

Theorem 1.3. If v : R n_1 — > [0, 1] is a Lebesgue measurable function with P^(F[v]) < oo, 
then the following two statements are equivalent: 

(i) ifE € M{v), then either H n (EAF[v]) = 0, or U n (EAg(F[v})) = 0; 

(ii) the set {v A = 0} U {v y = 1} does not essentially disconnect {0 < v < 1}. 

Remark 1.4. If v = w / H n ~ 1 -a.e. on R n_1 , then v v = w v , and v A = w A . In particular, 
the characterization of rigidity (ii) is independent of the considered representative of v. 

Remark 1.5. The assumption P^(F[v]) < oo is of course the minimal hypothesis under 
which it makes sense to consider the rigidity problem. As we shall see in Proposition 3.1, it 
implies a very minimal amount of regularity on v. Precisely, it implies that the Lebesgue 
measurable function ^ o v : R n_1 — > R U {±00} is an extended real valued function of 
generalized bounded variation; see section 3.1. 

Despite the geometric clarity of the characterization of rigidity presented in Theorem 
1.3, its proof is actually quite delicate. We shall explain the reasons for this in the course of 
its proof, that is presented in section 3. For the moment, let us just mention the following 
reformulation of Theorem 1.3 in the planar case n = 2. 

Theorem 1.6. If v : R n_1 — > [0, 1] is a Lebesgue measurable function with P^(F[v]) < oo, 
then the following two statements are equivalent: 

(i) ifEe M(v), then either H 2 (EAF[v}) = 0, orH 2 (EAg(F[v})) = 0; 
(ii) {0 < v < 1} is ^-equivalent to an open interval I, with v A > and v v < 1 on I. 

Remark 1.7. A natural problem is that of characterizing rigidity, or otherwise providing 
sufficient conditions for rigidity, in terms of indecomposability properties of F[v]. As shown 
by the examples in Figure 1.2, it is not enough to ask that either F[v] or M n \ F[v] are 
indecomposable sets. As it turns out, if we are in the planar case, and we ask that both 
F[v] and W 1 \ F[v] are indecomposable sets, then rigidity holds; see Theorem 4.2. This 
last condition is not necessary for rigidity in the planar case, see Figure 1.5, and, in fact, 
it is not even sufficient for rigidity in M. n when n > 3; see Figure 1.6. A sufficient condition 
for rigidity in R n , n > 3, is obtained by asking the existence of e > such that 

F[v] n ( {t < v < 1 — t} x M. ) is indecomposable for a.e. t < e; (1-15) 

see Theorem 4.1. However, not even this last condition is necessary for rigidity in W l : 
for an example in the planar case, see Figure 1.7. In this case, (1.15) fails for every 
t £ (0,1), but, of course, rigidity holds true. In conclusion, it seems not possible to 
achieve a characterization of rigidity in terms of indecomposability properties of F[v] and 
related sets. At the same time, it is natural to guess that a characterization of rigidity in 
terms of essential connectedness should be expressed by the requirement that 

({v A = 0} U {v v = 1}) x M. does not essentially disconnect F[v]. 

Although we shall not pursue this last direction here, in section 4 we shall provide proofs 
of the above stated sufficient conditions for rigidity, see Theorem 4.1 and Theorem 4.2. 




FIGURE 1.5. Asking that both F[v] and W 1 \ F[v] are indecomposable is a suffi- 
cient condition for rigidity in R™ when n = 2, although it is not a necessary one, 
as this example shows. 





FIGURE 1.6. It may happen that both F[v] and ]R 3 \ F[v] are indecomposable, 
but rigidity fails. An example of this situation is obtained by setting 



F[v] = { 



X € 



< xi < 1 



\x 2 \ < l,x 3 > --, — r } 

\X2\) 



Ul€ 



-1 < Xl < 0,1X21 < 1,X3 > 



\X2\i 



Notice that the section F[v] n{iel 3 :ii=t} for t G (0, 1) (depicted on the left) 
is an epigraph defined by two "negative" equilateral hyperbolas, while the section 
F[v] H {x £ M 3 : xi — t} for t <G (—1,0) (depicted on the right) is an epigraph 
defined by two "positive" equilateral hyperbolas. Also, {x e M 2 : — 1 < xi < 
, x 2 = 0} C {u A = 0} and {v v = 1} = {x e M 2 : < xi < 1 , x 2 = 0}, so that 
{u A = 0} U {w v = 1} essentially disconnects {0 < v < 1} = (-1, 1) x (-1, 1), and 
by Theorem 1.3 regularity fails. Indeed, the set E defined by a vertical reflection 
of the part of F[v] above x 2 > 0, 



E 



ix G F[v] : x 2 < 0J U |x e M 3 : g(x) G F[w] , x 2 > o| , 



is such that H 3 (EAF[v\) > 0, H 3 (EAg(F[v})) > 0, and P 7 (£:) = P 7 (F[v]). We 
also notice that condition (1.15) does not hold true in this example. 



1.7. An outlook on Steiner's symmetrization inequality. With the aim to put the 

results and methods of this paper into the right perspective, we now present a quick 
overview on their applications to the study of rigidity of equality cases in Steiner's sym- 
metrization inequality. Given a Lebesgue measurable function v : M! 1 " 1 — > [0, oo] and a 
Lebesgue measurable set E C R n , at variance with the notation used in the rest of the 




X2 = *(1 -t) 



FIGURE 1.7. A planar epigraph such that rigidity holds true but condition (1.15) 
fails. The grey shaded area corresponds, for a generic t £ (0, 1), to the set F[v] D 
({t < v < 1 — £} x K), which turns out to be disconnected. 
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FIGURE 1.8. (a) In this case, d*E s has vertical parts and rigidity fails; (b) In 
this case, d*E s has no vertical parts, but the length of its sections vanishes inside 
its projection, and rigidity fails. 



paper, let us now say that E is v -distributed if TV'^Ez) = v(z) for Ti a 1 -a.e. 
(recall that E z denotes the vertical section of E, see (1.4)), and let us set 



z £ 



F[v] = { 



x £ 



qx| < 



v(px) 



}■ 



for the u-distributed set whose vertical sections are segments centered at height x n = 0. 
By definition, F[v] is the Steiner's symmetral E s of E, and by Fubini's theorem, T{ n (E) = 
/ H n (F[v]). Moreover, F[v] is of finite perimeter and volume if and only if v £ BViW 1-1 ) 
with 7-L n ~ l ({v > 0}) < oo. In this case, Steiner's inequality ensures that 



P(E)>P(F[v]), 



(1.16) 



whenever E is a f-distributed set (with P(E) = T-C n 1 (d c E)). In analogy with the notation 
used in the Gaussian case, we set 

M(v) = IE cR n : E ^-distributed and P(E) = P(F[v])\ , 

so that rigidity of equality cases in (1.16) amounts to say that E £ M.(y) if and only if 
E is ^"-equivalent to te n + F[v] for some (£l. Simple examples show that we cannot 
always expect rigidity of equality cases when d*F[v ] has vertical parts, or when the length 
of the sections of F[v] vanishes inside the projection of F[v]; see Figure 1.8. In the seminal 
paper [CCF05], Chlebik, Cianchi, and Fusco provide a sufficient condition for the rigidity of 
equality cases in Steiner's inequality that is inspired by the above considerations. Precisely, 



they consider the localization of (1.16) above a Borel set Q C R n 1 , 

P(£;fixR)>P(i?[u];(lxl), (1.17) 

and show that, if (a) £1 is an open connected set, (b) v G W 1,1 ^), and (c) t> A > 
% n-2 -a.e. on Q, then E is ^"-equivalent to a vertical translation of F[v] inside Qxl 
whenever P(E; 0, x R) = P(F[v]; 0, x R). Assumption (b) and (c) express the requirements 
that S*-F[i;] has no vertical parts above fi and that the sections of F[v] do not vanish 
inside the projection of F[v]. Although these conditions look reasonable in light of the 
examples depicted in Figure 1.8, it is not hard to construct examples of sets in R 3 such 
that rigidity holds true but either condition (b) or (c) fail. Moreover, as our analysis 
of Ehrhard's inequality suggests, the use of topological connectedness in assumption (a) 
should be unnecessary. By exploiting the ideas introduced in this paper, one can obtain 
several rigidity results for Steiner's inequality and largely extend the scope of previous 
rigidity theory. For example, in strikingly analogy with Theorem 1.3, one can show that 
if v G W(K n_1 ; [0,oo)) with U n - l ({v > 0}) < oo and D s v^{v A > 0} = (where D s v 
denotes the singular part of the distributional derivative of v), then, equivalently, 

(i) if E G M(v), then E is ^"-equivalent to te n + F[v] for some t G R; 
(ii) the set {v A = 0} does not essentially disconnect {v > 0}; 
(iii) F[v] is indecomposable. 

(Implication (ii) =4> (i) of this theorem, coupled with an approximation argument, leads to 
a proof of the Chlebik-Cianchi-Fusco theorem.) Moreover, we can obtain suitable charac- 
terizations of rigidity even in the case when d*.F[v] contains more substantial vertical parts 
than those allowed by the assumption D s v^{v A > 0} = 0. We refer interested readers to 
the forthcoming paper [CCDPM13] for a detailed account on these results. 
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2. Notions from Geometric Measure Theory 

We gather here some tools from Geometric Measure Theory. The notions needed in this 
paper are treated in adequate generality in the monographs [GMS98, AFP00, Magl2]. 

2.1. General notation in R ra . We denote by B(x,r) and B(x,r) the open and closed 
Euclidean balls of radius r > and center x G R n . Given x G R™ and v G S n ~ 1 we denote 
by H£ v and H~ v the complementary half-spaces 

H+ u = {yGR":(y-x)^>0}, (2.1) 

H~ v = {yeR n :(y-x)-v<0}. 

Finally, we decompose R n as the product R n_1 x R, and denote by p : R n — > R n_1 and 
q : R n —> R the corresponding horizontal and vertical projections, so that x = (px, qx) = 
(x 1 ', x n ) and x' = {x\, . . . , x n -i) for every x G R n . We set 

C X: r = \y G R n : \px- py\ < r ,\qx - qy\ < r\ , 
D z , r = five R n_1 : \w-z\ <r\, 



for the vertical cylinder of center x £ M n and radius r > 0, and for the (n — l)-dimensional 
ball in W 1 ^ 1 of center z £ IR™ -1 and radius r > 0, respectively. In this way, C Xjr = 
Dp^,r x (qx — r, qx+r). We shall use the following two notions of convergence for Lebesgue 
measurable subsets of R n . Given Lebesgue measurable sets {Eh}ht=N and E in M n , we shall 
say that Eh locally converge to E, and write 

Eh — > E , as h — > oo , 

provided W n ((EhAE) n X) — > as /i — > oo for every compact set if C M n ; we say that Eh 
converge to E as h — > oo, and write Eh —> E, provided / H n (EhAE) — > as h — > oo. 

2.2. Density points. If E is a Lebesgue measurable set in W 1 and x £ M n , then we define 
the upper and lower n-dimensional densities of E at x as 

(9* (£, x) = lim sup v " , 9* (E, x) = hm inf v " , 

respectively. In this way we define two Borel functions on M n , that agree a.e. on W 1 . In 
particular, the n-dimensional density of E at x 

,(*,„)= l, m W "< £n ^-'-» = lim W(*nB(x„.)) 

is defined for a.e. x £ M n , and #(.£7, •) is a Borel function on R n (up to extending it 
by a constant value on some ^"-negligible set). Correspondingly, for t £ [0,1], we set 
E^> = {x £ M. n : 9(E,x) = t}. By the Lebesgue differentiation theorem, {E^ \E^} is a 
partition of W 1 up to a ^"-negligible set. It is useful to keep in mind that 

x £ £ (1) if and only if E x<r ^> R n as r -> 0+ , 
x £ E 1 ^ if and only if E^ -^ as r ->■ + , 

where E xr denotes the blow-up of E at x at scale r, defined as 

E — x ( y — x 



E : , 



r 



:yEE\, x£M n ,r>0. 



The set d c E = W 1 \ (E(°> U E^ 1 ') is called the essential boundary of E. Thus, in general, 
we only have , H n {d c E) = 0, and we do not know d c E to be "(n — l)-dimensional". 

2.3. Approximate limits. Strictly related to the notion of density is that of approximate 
upper and lower limits of a measurable function. We shall stick to Federer's convention 
[Fed69, 2.9.12] in place of the one usually adopted in the study of functions of bounded 
variation [AFP00, Section 3.6] since we will mainly deal with functions of generalized 
bounded variation; see section 2.5. Given a Lebesgue measurable function / : W 1 — > 
R U {±00} we define the (weak) approximate upper and lower limits of / at x £ M. n as 

/ v (x) = inf it £M: 0({f > t},x) = o| = inf it £ M : #({/ < t},x) = l| , 

f A {x) = sup it eR : 9({f <t},x) =0} = sup{i£]R:#({/>i},x) = l| . 

Note that / v and f A are Borel functions with values on M U {±00} defined at every point 
x of R n , and they do not depend on the representative chosen for the function /. The 
approximate jump of / is the Borel function [/] : R n — » [0, 00] defined by 

[/](x) = / v (x)-/ A (x), x£M". 



We easily deduce the the following properties, which hold true for every Lebesgue mea- 
surable /:1"^RU {±00} and for every t £ R: 

{\f\ v <t} = {-t<f A }n{f <t}, (2.2) 

{/ v <t}cU<t}«C{/ v <t}, (2.3) 

{f A >t}c{f>t}^c{f A >t}. (2.4) 

(Note that all the inclusions may be strict, that we also have {/ < i}^ 1 ) = {/ v < t}^ 1 ', and 
that all the other analogous relations hold true.) If / is non negative and E is Lebesgue 
measurable, then for every x € E^-\ we have 

(l E fr(x) = f(x) , (W) A (*) = f A (x) . (2.5) 

Finally, we notice that if I and J are intervals in R U {±00}, 92 : I — > J is continuous and 
decreasing, and / takes values into I, then v = (p o f is Lebesgue measurable on R a , with 

v A = <^(/ v ) , v" = v{f A ) . (2.6) 

We now introduce the set of approximate discontinuity points Sf of a Lebesgue measurable 
function / : R n ->MU {±00}, which is defined as 



S 



f = {x€R n : f A {x) < / v (x)} = {xGR": [/](*) > o} . 

We have the following general fact, that is usually stated in the finite- valued case only. 
For this reason we have included the short proof. 

Proposition 2.1. // / : R n — > R U {±00} is Lebesgue measurable, then {f A = f v = /} is 
T~L n -equivalent to R n . In particular, / v and f A are representatives of f, and 7i n (Sf) = 0. 

Proof. Let us consider the function <£ defined in (1.2). Since $ : RU {±°o} — > [0,1] is 
continuous and decreasing, it turns out that v = 3>o/ : R n — >• [0, 1] is Lebesgue measurable, 
with v v = $ o / A and v A = $ / v . Thus S v = S f , where, by [GMS98, Section 3.1.4, 
Propositions], U n {S v ) = 0. □ 

If / : R n ->■ RU{±oo} and AcR n Lebesgue measurable, then we say that t £ MU{±oo} 
is the approximate limit of / at x with respect to A, and write t = aplim(/, A, x), if 

0({\f -t\> e}nA;x) =0, Ve > , (t G R) , 

6({f <M}nA;x) =0, VM>0, (t = +oo), 

e({f> -M}r\A;x) =0, VM>0, (t = -oo). 

We say that x G Sf is a jump point of / if there exists v G S"™ -1 such that 

fix) = &p\im(f,H+ u ,x), f A {x) = &p]hn(f,H~ u ,x). 

If this is the case we set v = Vf{x), the approximate jump direction of / at x. We denote 
by Jf the set of approximate jump points of /, so that Jf C Sf, moreover, Vf : Jf — » S 11 ^ 1 
is a Borel function. It will be particularly useful to keep in mind the following proposition. 

Proposition 2.2. We have that x G Jf if and only if for every e > such that f A (x) +e < 
f v (x) — e we have 

{\f- f(x)\ < e} x , r ^ H+ v , {|/ - f A (x)\ < e} x , r ^ H^ , as r -+ 0+ . 

Similarly, x G Jf if and only if for every r G (f A (x), f v (x)) we have 

{f>r} x , r ^H+, {f<r} x , r l ™H-, asr^0+. (2.7) 



Proof. We prove the "only if" part of the first equivalence only, leaving the other implica- 
tions to the reader. Let us set t = f v (x) and s = f A (x). By assumption 

({|/-t|>,}n^)^^ c 0, ({\f-s\>e}nHr^ loc 

as r — > + . As a consequence, as r — > + , 

({|/ - t\ < e} U H-J)^ ^ R" , ({|/ - s\ < s} U # 

As St 1 ) n F« = (£ n F)W, we find 

(({|/ - t\ < s] U fl--,) n ({|/ - *| < e} U H+ 

that is f(|/-*| <e}n#+,) U (Uf - s\ < e\ n fT 






loc 
->■ 



loc 

— >■ 

loc , 



Since the two sets are disjoint, the first one contained in Hq v , the second one in H Q u , we 
complete the proof. □ 

2.4. Rectifiable sets. Let 1 < k < n, k G N. A Borel set M C W 1 is countably U k - 
rectifiable if there exist Lipschitz functions /^ : R — > M n (/i G N) such that 

W*(M\U/ h (W) =0- (2.8) 

We further say that M is locally T~L k -rectifiable if 7-L k (M n if) < 00 for every compact 
set if C M ra , or, equivalently, if T-L k ^M is a Radon measure on W 1 . Hence, for a locally 
^^-rectifiable set M in W 1 the following definition is well-posed: we say that M has a 
fc-dimensional subspace L of R n as its approximate tangent plane at x G R n , L = T X M, if 

hm 1 / ¥>(^^) d^(y) = f v dU k , V^ G C C °(R") . 

r _>o+ r fc J B (x,r)nM V r / J L 

It turns out that T X M exists and is uniquely defined at Ti k -&.e. x G M. Moreover, 
given two locally ^^-rectifiable sets Mi and M2 in R n , it turns out that T X M\ = T x Mi 
for "H fc -a.e. x G Mi n M 2 . Since / (M fc ) is locally % fc -rectifiable whenever / : R k ->• R n 
is a Lipschitz function, if M is merely a countably ^^-rectifiable set and {//i}ftgN is a 
sequence of Lipschitz functions satisfying (2.8), then we can find a partition modulo Ti k of 
M into Borel sets {Mh}heN such that T x /(]R fc ) exists for every x G M^: correspondingly, 
we set T X M = T x fh(M ) for x G M/j. The definition is well-posed in the sense that 
the approximate tangent spaces defined by another family of Lipschitz functions {gh}hei$ 
satisfying (2.8) will just coincide at % fc -a.e. x G M with the ones defined by {/ft}/igN- 
In other words, {T x M} x ^m is well-defined as an equivalence class modulo H of Borel 
functions from M to the set of fc-planes in IR n . 

Finally, we mention the following consequence of [Fed69, 3.2.23]: if M is countably 
^^-rectifiable in R n , then M x R £ is countably % fc+£ -rectifiable in R n+£ , and 

(H k ^M) x H e = n k+e i. (M x R e ) . (2.9) 

2.5. Functions of bounded variation and sets of finite perimeter. Given an open 
set Q C R n and / G L 1 (J7), we say that / has bounded variation in $7, / G .BV(fi), if the 
total variation of / in £1, defined as 

\Df\(n) =sup| I f(x)divT(x)dx:Te C^tyR") , |T| < l} , 

is finite. We say that / G BVi oc (£l) if / : 0, — > R is Lebesgue measurable, and, for 
every open set Q' CC fi, we have / G -BF(O'). If / G BVi oc {M. n ) then the distributional 



derivative Df of / is an R n -valued Radon measure. The Radon-Nykodim decomposition 
of Df with respect to T-L n is denoted by Df = D a f + D s f, where D s f and W 1 are 
mutually singular, and where D a f <C H n . Moreover, Sf is countably % n_1 -rectifiable, 
with U n - l {Sf \ J f ) = 0, [/] G L\ oc {rL n - l ^Jf), and the ^"-valued Radon measure D*f, 
defined as D^ f = [f] Uf d / H n ~ 1 ^Jf, is called the jump part of Df. Since D a f and D^ f are 
mutually singular, by setting D c f = D s f — D J f we come to the canonical decomposition 
of Df into the sum D a f + £)■?'/ + D c f, where D c f is called the Cantorian part of Df. It 
turns out that \D c f\(M) = whenever M is er-finite with respect to "H" -1 . 

A Lebesgue measurable set E C W 1 is said of locally finite perimeter in W 1 if \e G 
BVi oc (M n ). In this case, we call \xe = —DIe the Gauss-Green measure of E, so that 

Vtp(x) dx= [ ip(x) dn E {x) , V99 G C£(R n ) • 

The reduced boundary of .E is the set 3* £7 of those x G M n such that 

ve{x) = lim r ' — r- exists and belongs to S" 1-1 . 

r->o+ |^ £ |(B(x,r)) 

The Borel function ve '■ d*E — > S 11 ^ 1 is called the measure-theoretic outer unit normal to 
E. It turns out that d*E is a locally H" _1 -rectifiable set in R n [Magl2, Corollary 16.1], 

that he = v E / H n ^ l ^d*E, so that 

Vp(x) dx= [ ip(x) u E (x) dn n -\x) , V99 G Cl(R n ) . 

E Jd*E 

We say that x G M n is a jump point of £7, if and only if there exists v G S*™ -1 such that 

E Xtr ^H+ v , asr^0+, (2.10) 

and we denote by d E the set of jump points of E. Notice that we always have d E C 
Ei 1 / 2 ) (2 d c E. In fact, if E is a set of locally finite perimeter and x G d*E, then (2.10) 
holds true with v = —ue{x), so that d*E C d J E. Summarizing, if E is a set of locally 
finite perimeter, we have 

d*E c d J E c E 1/2 c <9 C £ , (2.11) 

and, moreover, by Federer's theorem [AFP00, Theorem 3.61], [Magl2, Theorem 16.2], 

n n - l (d c E\d*E) = 0, 

so that d e E is locally % n-1 -rectifiable in W 1 . We shall also need the following criterion for 
finite perimeter, known as Federer's criterion [Fed69, 4.5.11] (see also [EG92, Theorem 1, 
section 5.11]): if E is a Lebesgue measurable set in W 1 such that 

W^iK n d c E) < 00 , for every compact set K C R n , 

then E is a set of locally finite perimeter. (Notice that Federer's criterion is actually more 
general than this.) We conclude this preliminary section by the following remark, which 
shows the equivalence for a set of locally finite perimeter between being indecomposable 
and being essentially connected (see section 1.5 for the terminology). 

Remark 2.3. If E is an indecomposable set in M n , then, whenever {F, G} is a non-trivial 
partition of E by Lebesgue measurable sets, we have 

n n-l f E (l) n Qcp n qcqX > _ ( 212 ) 



Indeed, in the case that {F, G} is further assumed to be a partition by sets of locally finite 
perimeter, then, by definition of indecomposability, there exists ro such that P(E;B r ) < 



P(F; B r ) + P(G; B r ) for every r > r$. Thus, by Federer's theorem, 

U n - l {B r C\d c E) < H n - 1 (B r nd c F) + H n -\B r nd c G) 

= n n -\B r nd c Fnd c E) + n n - 1 (B r nd c Gnd c E) (2.13) 
+n n -\B r n d c F n e<U) + n n -\B r n d c G n £ (1) ) 

where we have used the fact that, since F C E, then (9 e F = (d e F n d e i?) U (<9 e F n E'W) (a 
similar remark is applied to G too). Since (d e FAd e G)D(E^UE^) = and d J Fnd J G C 
£/W, by Federer's theorem we find that d c FAd c G is % n_1 -equivalent to d e E. Hence, (2.13) 
is equivalent to < 2n n - 1 {d c Fr\d c GnE^ C\B r ) for every r > r , that is, (2.12). To settle 
the general case, let us assume, arguing by contradiction, the existence of a non-trivial 
Lebesgue measurable partition {F, G} of E such that 

= U n ' x (E^ n d c F n d c G) = n n ~ x ((d c F n d c G) \ d c E) . (2.14) 



We are now going to show that, in this case, F and G are necessarily sets of locally finite 
perimeter, thus contradicting the fact that E is indecomposable. Indeed, since F C E, we 
have #(°) C F< ), and thus d c F n £ (0) = £ (0) \ (F(°) U FW) = 0; thus 

d e Fcd c E\j(d c FnE^). (2.15) 

At the same time, since d e F n E^ 1 ) C <9 C F n d c G, we find 

a c F n £ (1) C (5 C F n d c G) \ d c E . 



Therefore, by (2.14) and (2.15), for every compact set K C M. n , and since E is of locally 
finite perimeter, H n ~ 1 (Kr\d e F) < H n ~ 1 (Knd c E) < 00. By Federer's criterion, F is a set 
of locally finite perimeter, and so is G = E \ F. We can thus repeat our initial argument 
to prove that 7i n ^ 1 (E ( - 1 ^ n d c F n d c G) > and obtain a contradiction. 

3. Rigidity of equality cases in Ehrhard inequality 

This section contains the proofs of Theorem 1.3 and Theorem 1.6. In section 3.1 we 
collect the basic results concerning epigraphs of locally finite perimeter. In section 3.2 
we show the implication (ii) =^> (i) in Theorem 1.3, while in section 3.3 we prove the 
implication (i) =^> (ii). In section 3.4, we finally prove Theorem 1.6. 

3.1. Epigraphs of locally finite perimeter and the space GBV*. Let us set 

£/ = {x G R n : qx > f(px)} . 

for the epigraph of / : IR ra_1 — > RU {±00}. In this section we analyze the situation when 
/ defines an epigraph of locally finite perimeter. To this end, it is convenient to introduce 
the functions tm ■ R — > M (M > 0) defined as 



TM{S) 



max J -M,minJM,s|| , s£KU{±oo}, 



and set the following definition: a Lebesgue measurable function / : W l 1 — > R U {±00} 
is a function of generalized bounded variation with values in extended real numbers, 
/ G GBV^W 1 - 1 ), if T M (f) G BViodW 1 - 1 ) for every M > 0, or, equivalently, if ip(f) G 
BViodW 1 ' 1 ) for every V G C 1 (R) with ip' G C°(E). (Note that the composition makes 
sense since, for example, there will be positive constants c and to such that ip(t) = c for 
every t > to : correspondingly, we shall set ip(f) = c on {/ = 00}, and argue similarly 
on the set {/ = — 00}.) If we start from Lebesgue measurable functions / : M! 1 " 1 — > R, 
we shall set GBV(W 1 ^ 1 ) for the corresponding space. The space G-BT4(R n_1 ) plays a 
particularly important role in our analysis because of the following proposition. 



Proposition 3.1. /// : R n_1 -> MU{±oo} is Lebesgue measurable, then f G GBV*(R n - 1 ) 
if and only «/£/ is of locally finite perimeter in R n ; moreover, in this case, for a.e. t G R, 
we have that {/ < t} is a set of locally finite perimeter in R n_1 . 

Remark 3.2. If O C R™ _1 is an open set and / G L 1 ^), it is well-known that / G SF(17) 
if and only if Ej is of finite perimeter in f2 x R; see, e.g. [GMS98, Section 4.1.5]. This 
result, because of the artificial structures assumed in it (open set and summable function) 
will not suffice for our purposes. Moreover, it seems that the infinite-valued case is not 
covered by the literature. Therefore, we shall provide a proof of Proposition 3.1. Similar 
remarks apply to Proposition 3.4 and Lemma 3.6 below. We also notice that we shall need 
to refer to these proofs in some crucial steps of the proof of Theorem 1.3. 



Remark 3.3. Note that if v e BVi c 



on— 1. 



;[0,1]), then f = Vov G GBV*> 



pn—l\ 



where 



\I> is defined as in (1.2). Indeed, if we pick any -0 G C 1 (M) with if>' G C°(R), then ^o$ 
is real-valued on [0,1], with i/>o$e ^([0,1]) and (i> o *)' G C°((0, 1)). Therefore, 
^o/ = (^)o$)oj)6 SVJ 0C (R n_1 ) by the C 1 chain rule theorem on BV. 



Proof of Proposition 3.1. Step one: We show that if Sj is of locally finite perimeter then 
/ G GBV*{W 1 - 1 ). Let V G C l {R) with tp' G C°(R), so that ip o f is defined on R™" 1 with 
^ o / G L°°(R n - 1 ) C L^^M™- 1 ). If V G C 2 (R), then if (qx)<p(px) G C*(R n ) for every 
if G C^R™" 1 ), and thus, setting V' = (d u . . . , <9„_i), 



V' (tp' (qx)ip(px)) dx 



d*n. 



V>'(qx) ¥>(ps) pi/ Ef (x) dw"- 1 ^: 



< Lip(^) sup \(p\ P(T,f-,spt(p x sptV'') • 
At the same time, by Fubini's theorem 

r /*oo r 

V'(fj/(q.x)(p(px))dx = V'ip(z)dz ip'(t)dt = - ^{f{z))V'^{z)dz. 

JR™- 1 Jf(z) JR™- 1 

Hence, for every R > 0, 
sup{ I (^o/)VV :yGC c 1 (D il ),|(p|<l)<Lip(^)P(S / ;D«xsptV' , )<oo, 



that is, ^(/) G -BV/ oc (IR n x ) if ?/> G C 2 (R). By approximation, the same holds if we only 
have V G C^R), and thus, / G G5K(R n_1 ). 



Step two: If/G GW* 



pn— !•> 



thenr M °/ G BV ic 



pn— 1 



), {ru°f <t} = {f <t} for every 



\t\ < M, and {tm ° / < t} is of locally finite perimeter for a.e. t G R. Hence, {/ < £} is of 
locally finite perimeter for a.e. t G R. Let now </? G C\ (R n ), with spt 99 CC D^ x (— -R, i?) 
for some R > 0. On the one hand, we have 



<9 n <£> 



dz / d n <£> 



< sup \if\ % 



n—1 



D, 



(3.1) 



on the other hand, since {/ < t} is of locally finite perimeter for a.e. t G R, we find 



VV 



(it / V<p(z,t)dz 



,/t / (^(z,t)^ {/<t} (z)^ n - 2 (z) 



< supM / P({/<t};D R )dt = sup|^|| J D(r K o/)|(D R ), 

R n J-_R R n 

by coarea formula. By (3.1) and (3.2), Sj is a set of locally finite perimeter. 



(3.2) 

□ 



Given a Lebesgue measurable function / : R n '-*IU {±00}, we set 
17 = {i6R n :/ A (px)<qx</ v (pi)}, 

T} = {xGl n :/ A (pj:)<qx</V)}- 

We call Tf the complete graph of /, and TZ the vertical graph of /. Note that these 
objects are invariant in the % n-1 -equivalence class of /. 

Proposition 3.4. If f £ G-BV^R" -1 ), then 

d*Z f n (Sf x R) = H „-! \x e R n : qx = / A (px) = f v {px)\ , (3.3) 

d*Z f n (S f x R) = n „-i T} , (3.4) 



S 



(i) _ 



,,-1 |x€R n :qx >/ v (px)}, (3.5) 

Sj. 0) = w „_i |xGR n :qa;</ A (pa;)}. (3.6) 

Moreover, Sf is countably H n ~ 2 -rectifiable with / H n ~ 2 (Sf\Jf) = 0. Finally, forH n ~ 1 -a.e. 
x £ F\, the outer unit normal i"E f (x) exists, Sf has an approximate tangent plane at px, 
and vy,Ax) = (vs f (px),0), where vsApx) is a unit normal direction to T px Sf in R n_1 . 

Remark 3.5. Here and in the following, A =^k B stands for H k (AAB) = 0. 

Proposition 3.4 is in turn based on the following lemma, that will play a crucial role 
also in the proof of Theorem 1.3. 

Lemma 3.6. If f : R™ -1 — > Ru{±oo} is a Lebesgue measurable function, I is a countable 
dense subset of R with the property that {/ > t} is of locally finite perimeter for every 
t £ I, and if we set 

N f = (Jcf{f>t}\d*{f>t}, 

tei 
then H n ~ 2 (Nf) = 0, and for every z € Sf\ Nf there exists v(z) £ S n ~ 2 such that 

z£d J {f>t}, Vte(/ A (z),/ V (z)), 

with jump direction v(z). (In other words, the jump direction of {f > t} at z is independent 
oft). In particular, we have 

Sf\N f cJf, n n - 2 (s f \jf) = o. 

Remark 3.7. Notice that the set Nf depends also on the choice of /. 

Proof of Lemma 3.6. By Federer's theorem, T-L n ~ 2 (Nf) = 0. We now notice that, 

( z ,f, s J ' - w , => ze d c {f >t}n d c {f > s} . 

\ f A (z) <t<s<f v (z), u J w s 

By taking into account that z €. Sf\ Nf if and only if z £ Sf and for every t £ I either 
z d c {f > t} or z £ d*{f > t}, we thus find 

z£Sf\N f , 

f A (z)<t< s <r(z), =* z£d*{f>t}nd*{f>s} 

t,s £ I , 

=> {f > t}z,r ^ H Q,u(z) ' {/ > S W ^ H 0,u(z) ' 

where -v(z) = u {f>t} (z) = V{f >s }(z) , (3.7) 



as E C F implies indeed that ue = V F on d*E(~)d*F. In other words, for every z G Sf\Nf 
there exists v(z) G S n ~ 2 such that 

{/ > t} z , r ^ H+ Az) , vt G /n (/ A (.),/ V (z)) . 

Finally, if z G Sf\Nf with / A (z) < t < f v (z), then we may pick s, s' G / with f A (z) < 
s < t < s' < f v (z) and use 

{/ > s} Z:r ^ H+ v{z) , {/ > s'} z , r ^ H+ v(z) , 

to infer {/ > t} z>r — > H^ , -,. Indeed, as a general fact, if E^ C F^ C Gh with E^ — >■ E 1 
and G^ ->£ as /(-> oo, then i^ — )■ £" as /i — )■ oo. □ 

Proof of Proposition 3.4- Step one: We show that Sj is countably % ra_2 -rectifiable. Let 
/ C R be a countable dense set in R such that for every t G / we have {/ > £} of locally 
finite perimeter in R ra_1 . By Federer's theorem, if t G /, then <9*{/ > t} is locally 1~L n ~ 2 - 
rectifiable, with^"" 2 (a c {/ > t}\d*{f > t}) = 0. Since t < f y (z) gives 6*({f > t},z) > 0, 
while t > f A (z) implies #*({/ > £}, z) < 1, we find that for every i£l 

[z G K"- 1 : / v (z) > t > f A (z)} C d c {f > t} , 

so that, as I is dense in R, 

5/ C (J [z G R"- 1 : / v (z) > t > f A (z)} C (J 8 c {f > t} . 

tei tei 

Thus Sf is countably % ra_2 -rectifiable, as, by Federer's theorem and since I is countable, 

n n - 2 [s f \[jd*{f>t})=o. 

tei 

Step two : We prove that 

d c £/ n (S f x R) c w »-i r} , (3.8) 

5 c S/n(^xR) C {xGR":qx = / A (px) = / V (P^)}, (3-9) 

{x G R™ : qx < / A (px)} C sj. 0) , (3.10) 

{x G R™ : qx > / v (px)} C sj. 1} . (3.11) 

We start proving (3.10): if x G R n is such that qx < / A (px), then / A (px) > — oo and, 
taking t* > qx with 6({f < t*}, px) = 0, for every r < t* — qx we find 

pqx+r . . 

W n (S/nC Xir ) = / ^- 1 {/<«}nD p Jd s 

Jqx—r 

< 2r TT" 1 ({/ < t* } n D px , r ) = o(r") . 

This proves (3.10), and (3.11) follows similarly. As a consequence, <9 e £j C Tf, from which 
(3.9) follows, as well as that d c T,f n (<Sy x R) C Tj n (Sf x R). This last inclusion implies 

(3.8), as 

(l> n (S f x R)) \T} = {(z,f A (z)) : z G S f ] U {(z,/ v (^)) : * G 5/} , 
is W™ -1 -negligible (indeed, it projects twice over the countably % n_2 -rectifiable set Sf). 



Step three: Let now Nf be as in Lemma 3.6. We claim that, if z G Sf \ Nf and f A (z) < 
t < f v (z) (so that z G d {/ > t} for every such t, with constant jump direction v(z) G 
S" 2-1 n R n_1 ), then (z,t) G 9 Ej with jump direction given by (— v(z),0); in particular, 

r}nfo / \jv / )xi)c9 J s / . (3.12) 

Indeed, if to,ti G I are such that f A (z) < to < t < t\ < f v (z), then for r small enough, 
H n ((ZfAH+ t){u(z)0) ) n C (z>t)>r 

= / r ^- 1 (D z , r n^-_^ ) n{/< s })+^^ 1 (D 2 , r n^+_ K2) n{/> s })d s 
< 2r^"- 1 (D z , r n f£„ (z) n {/ < h}) + 2rn n ^(^z,r n h; Az) n {/ > *„}) = o(r n ) , 

as {/ < ti} 2)r — > H~,s and {/ > to}z,r — > ^tv(z\ ^ e concru de by Federer's theorem. 

Step four: By (3.9), (3.10), (3.11), and by Federer's theorem we deduce (3.3). By (3.8), 
(3.12), and by Federer's theorem, we prove (3.4). Finally, a last application of Federer's 
theorem allows to deduce (3.5) and (3.6) from (3.3), (3.4), (3.10), and (3.11). □ 

Recall that, ifMcl" and z G R n_1 , then M z = {t G R : (z,t) G M}. As a corollary 
of Proposition 3.4 we thus find the following statement. 

Corollary 3.8. If f € G-BK^R"" 1 ) and Nf is defined as in Lemma 3.6, then for every 
z € Sf\ Nf we have 

(T}) z = (f A (z),f(z)) C (^0(^x1^ (3.13) 

c (d^ f n(S f xR)) z c[f A (z),r(z)]. 

In particular, for every Borel set A C Sf we have 

P 7 (S /; Axl)= / driUt) dU n - 2 (z) . 

J A Jf^(z) 

Proof The first inclusion in (3.13) follows immediately from (3.12), while the second 
inclusion is immediate from (2.11). The third inclusion follows of course from d c T,f C Tf. 
Finally, since S f is countably ^ n - 2 -rectifiable, (2.9) implies F _1 l(S/x1) = (H n ~ 2 LSf) x 

in-1i 



ri l . Thus, is A is a Borel set with A C Sf, then by (3.13) we find 

P 7 (S /; Axt) = ^(^nfixR^/^Sj)^ 

J A 



7 K Z ) 



/ v w 



drl l Jt)dU 



n-2, 



: 



I A Jf^(z) 

where the tensorization property of e~' x ' ' 2 was also taken into account. □ 

3.2. Proof of Theorem 1.3: (ii) implies (i). In this section we present the proof of the 
implication (ii) =4> (i) in Theorem 1.3. At the end of the proof we collect some examples 
and remarks that should justify the rather involved technical argument we adopt. 

Proof of Theorem 1.3, (ii) implies (i). Overview: We let v : R n_1 — > [0, 1] be a Lcbcsguc 
measurable function such that P 1 (F[v]) < oo (and, therefore, {F[u],5((F[v])} C Ai(v)). If 
we define / : R™" 1 -> R U {±00} as f(z) = V(v(z)), z G R n_1 , then 

F[v] = T,f = epigraph of / . 

We shall set for brevity F = F[v]. Since F has finite Gaussian perimeter, it turns out that 
F is of locally finite perimeter, and thus, by Proposition 3.1, that / G GBV^iW 1 ' 1 ). Up 



to redefine v on a % n_ ^negligible set, we can also assume that v is Borel measurable. (As 
noticed in the introduction, Theorem 1.3 is stable under modifications of v over Ti 11 ^ 1 - 
negligible sets.) We now consider the Borel set 

G = {z G W 1 - 1 : < v(z) < 1} = {z G W 1 - 1 : f(z) G R} , 

and assume that 

{v A = 0} U {v v = 1} does not essentially disconnect G. (3-14) 

We want to prove that, if E is a v -distributed set such that 

P 7 (£) = P 7 (F) , (3.15) 

then either / H n (EAF) = or / H n (EAg(F)) = 0, where g denotes the reflection with 
respect to R n_1 , g(x) = (par, — qx), x G R ra . To this end, let us set as usual E z = {t € R : 
(z, t) G £} for 2 G M n_1 , and set 

G+ = {z6G:tf(£,A(/(z),oo))=0}, 

G_ = {zeG:H 1 (£ z A(-oo,-/W))=0}, 

d = {v = 1} = {z G IT^ 1 : H 1 (e z Ar) = o} , 

G = {v = 0} = {zGW 1 - 1 :n 1 (E z ) = 0y 
By Theorem A we find that 

E = U n (f n ((G+ UGi)xRJ)u (g{F) n (G_ x M)) , (3.16) 

as well as that {G + , G_, Gi, Go} is a partition of R n_1 modulo % ra_1 , and that {G + , G_} 
is a partition of G modulo "H n_1 , where this last condition means 

U n - 1 {GA{G + UG.)) = 0, H n_1 (G+ n G_) = . 

Clearly, G = {0 < u < 1}, G\ = {v = 1}, and Go = {f = 0} are Borel sets, as f is a Borel 
function. Notice that also G+ and G_ are Lebesgue measurable sets. Indeed, if we define 

3(z) = f ^)k^7i(0, ze{0<v<l}, 

^ } I o, *e{« = 0}, 

(so that /3(z) is the Gaussian barycenter of E z ), then, by Fubini's theorem, /3 is a Lebesgue 
measurable function. At the same time, a simple computation shows that 

0(z) = -= (l G+ (z) - l G _(z) , Vz G GU Gi , 

V27T V u(z) v(z) / 

so that G + = {/3 > 0} and G_ = {/3 < 0}. Thus, both G + and G_ are Lebesgue 
measurable sets. We now look back at (3.16), and notice that V. n (EAF) V. n (EAg(F)) = 
if and only if 7i n ~ 1 (G + ) / H n ~ 1 (G-) = 0. We thus argue by contradiction, and assume that 
rigidity fails because of E, which amounts in asking that 

n n - 1 (G + ) U n -\G-) > . (3.17) 

In other words, {G+,G-} is a non-trivial Lebesgue measurable partition of G. Hence, 
thanks to (3.14), by Borel regularity of the Lebesgue measure, and since d e A = d c B if 
A, Bd W 1 - 1 with n n - 1 (AAB) = 0, we find that 

n n-2ff G (l) nd c G+nd c G \ \[{ 1; A = | U | W V = 1 |\\ >Q (318) 



Comparing (3.16) and (3.18) we see that E is obtained by reflecting F across a region 
of non-trivial rl n ~ 2 measure where the sections of F are neither negligible nor equivalent 
to R: correspondingly, we expect Gaussian perimeter to be increased in this operation, 



that is, we expect (3.16) and (3.18) to imply P 1 {E) > P 7 (F), thus contradicting (3.15). 
The main difficulty in proving that this actually happens relies on the fact that the set 
QW f) d c G+ n <9 C G_ may not have a reasonable metric structure, that is, it may fail to 
be countably % n ~ 2 -rectifiable. (Example 3.9 shows that G may fail to be of locally finite 
perimeter. Example 3.10 shows that G' 1 ' n <9 C G+ n d c G- may fail to be countably T-L n ~ 2 - 
rectifiable even if v G Lip(R n_1 ; [0, 1]).) We shall avoid this difficulty by showing the 
existence of a countably % n-2 -rectifiable set S such that 

E c (g (1) n d c G+ n 3 C G_) \ ({v A = 0} u K = 1}) , u n - 2 {Y,) > . 



We shall then deduce that, as simple drawings suggest, P 7 (£';S x R) > P 7 (F;S x R). 
Finally, by taking into account that P 1 (E;A x R) > P 1 (F;A x R) for every Borel set 
A C R" - " 1 , we shall find P~/(E) > P^(F). We divide this argument in nine steps. 

Step one : We use the information that E is a set of locally finite perimeter to deduce that 
for every k G N the function u k : R ra_1 — > R defined as 

u k = (k- |/|) l {m<fe} (l G+ - 1 G _) G BV l0 '-"- ' ; 



LOCK 



Indeed, if we take into account (3.16) and repeat the argument in the proof of Proposition 
3.1 with E in place of F = £/, then we find 

p poo r /—f(z) 

P(E;KxI) > / V'ip(z)dz %l/(t)dt+ V'cp(z)dz ifj'(t)dt 

JG+ Jf(z) JO- J-oo 

+ / V'ip(z)dz tp'(t)dt, (3.19) 

JG\ J —oo 

whenever ip G C^R™" 1 ) with spt(p C K CC R n_1 and \<p\ < 1, tp : R ->• R is a Lipschitz 
function with sptip' C I CC R and Lip(^) < 1. If we apply (3.19) with ip defined by 
ip(t) = k for |i| > k and ip{t) = \t\ for |i| < k, then we deduce our assertion by exploiting 
the relations (valid for every a G R) 

r—a /"oo 

tp' = (k-\a\)lr kk) (a), / ip' = -{k-\a\)lf_ kk) (a), / tp' = . 



(-MOW' / ^ = ~\ K ~ l«i; 1 (-fc,fe) 

J —oo J —oo 

Step two: We show that, for every k G N, 

{l/r<f}nC™c{<>f}n G ™. 

It suffices to prove that, if z G {|/| v < A;/2} n G^ and e < {k/2) - \f\ v {z), then 

k 
6({u k <s},z) = 0, Vs<- + e. 

Indeed, thanks to (2.3), we have {|/| v < k/2} C {|/| < k/2p l > . Thus, for every such s, 

n n - l (p z , r r\{u k < s }) 

(z G G^) = ft" -1 (D^ r n {u k <s}D G+) + o(r n - 1 ) 

(z g {|/| < fc/2}W) = 7T" 1 (D 2 , r n {u k < s }n{\f\< k/2} n G+) + o^- 1 ) 

= 7T" 1 (D 2 , r n{k-\f\< s }n{\f\< k/2} n G + ) + o^ 1 ) 

m-l|n ^ r ;„ „ ^ (111 i „f„n— 1\ „l„n—l\ 



< U n ~ y (D 2 , r n {fc - s < \f\}) + o(r n -') = o{r r - 
where the last identity follows by definition of |/| v since k — s > k/2 — e > \f\ v (z). 



Step three : We set 

s fe = d c G + n d c G„ n { - k - < r < / v < \} {l) , ken, 

and prove that 

E*c{t#>£}n {„£<—}, VfeGN. (3.20) 

To show this, we start noticing that for every z G T, k we have 

r-^D,, n {n fc > |}) = ^"^(d,, n {n fe > ^} (1) ) 

>r 1 (D v n{« t >|} (1) nGj ) ) 

> K 1 - 1 (p g , r n {< > |} n G«) , (3.21) 

where the last inequality follows from (2.4). Now, by step two and by (2.2), 

{«£>|}nG«3{|/r<|}nG« = {-|<r<r<|}nG«, 

so that, by (3.21), 

7T- 1 (D,, r n {n fe > |}) > n n ~ l (p,, r n{-^<r</ v <^}n G«) 

= ^- 1 (D,, r nG+)+o(r"- 1 ), 

where in the last identity we have used the fact that z G {^/2 > f y > f A > — k/2}^ 1 '. 
Since, by assumption, z G <9 C G+, we conclude that 

0<d*(G+,z)<0*({u k >l},z), 

which in turn gives u k (z) > k/2. One can prove analogously that u A (z) < —k/2. 

Step four: We show that, for every k G N, 

Sfc is locally 7i n ~ -rectifiable. 

From step three we have that T, k C S Uk . Being u k G SVj oc (M n_1 ), this imples that T, k is 
countably % n_2 -rectifiable, and we are only left to show that T, k is locally "H n ~ 2 -finite. To 
this end, let K C M n_1 be a compact set; since 

s fc = [E fc n (5 Ufc \ j u j] u (s fc n j Ufc ) 

and 'H n ~' 2, {S Uk \ J Ufc ) = 0, we have 

?T- 2 (£ fe n K) = H n -\z k n J Ufc nK)€ [o, oo] . 

By step three and since u k G BViociW 1 ^ 1 ), 

ku n ~ 2 (^ k nJ Uk nK)< f (uX - <) <m n - 2 < \DH k \{K) . 

JT. k r\J Uk nK 

Thus, if K C M™" 1 is compact and k G N, then U n - 2 {K n S fc ) < A;" 1 |^u fc |(K) < oo. 
This proves £& is locally W n-2 -finite. 

S^ep /ii>e: We are now going to deduce from (3.18) that, for k sufficiently large, we have 

?T- 2 (£ fe )>0. (3.22) 

We start proving the following identity, 

(J £, = (d c G + n 9 C G_) \ ({/ v = oo} U {f A = -oo}) . (3.23) 



ken 



Indeed, by definition of £&, and by repeatedly applying (2.3) and (2.4), 



s fc = a c G + na c G_n{-|<r</ v <|} 1 
c ^G + n9 c G_n{-|<r</ v <^} 



c 9 e G . n d c GL n 



fc + l ,A . ,V fc +! 



< / A < / V < ^} 



C 9 C G+ n 5 C G_ n { - *±± < /a < /v < _1±1} (1) = Sfc+1 ; (3. 24) 



2 

2 _ 2 

from which (3.23) immediately follows. Since f = ^(v) with VP continuous and decreasing, 
and thanks to (2.6), we have {/ v = oo} = {v A = 0} and {/ A = — oo} = {v v = 1}, so that 
(3.23) is equivalent to 

(J S fe = (d e G + n 9 C G_) \ (K = 0} U K = 1}) . (3.25) 

keN 

Finally, by (3.25), (3.24), and (3.18), we find 

lim H n - 2 (Z k )=H n - 2 ((d c G + nd c G-] \ ({v A = 0} U {v v = 1})) >0. 

Step six: We show here that, if W C £& is a Borel set, then 

/• /-/ V W 

i> 7 (F;Wx]R)=/ dU n ~ 2 {z) \ dUl . (3.26) 

JW Jf A (z) 

Indeed, (3.26) follows immediately by Corollary 3.8 provided W d Sf. Since the right- 
hand side of (3.26) is trivially equal to zero if W C Sf, we are left to prove that 

P 7 (F;(£ fc nSj) xR) = 0. 
To this end, we notice that, by Proposition 3.4, 

d c F n (Sf x R) c W n-i {iel n :pi6^,qi = / A (paO = / V (pa:)} • 

If L denotes the set on the right-hand side of this last inclusion, then 7-1° (L z ) = 1 for every 
z G S'i. As Sfc is countably %™~ 2 -rectifiable, by (2.9) we find that 



P 7 (F; (Sf n E fc ) x R) = ^-'pn^nE^x 

< ^-'(inf^n^xE^/ n 1 J {L z )dn^- 2 {z) = o. 

We have thus completed the proof of (3.26). 

S'iep seven : We show that, if z G £& \ iV Ufe (with iV Ufc defined as in Lemma 3.6), then there 
exists i/ G S" 1 " 1 n I™" 1 such that 

{G+)z,r -> # ,y ' (C-) 2 ,r -> #(^, , (3.27) 

H > t},, r ^ flj, , Vt G (u A (z),u v k (z)) . (3.28) 

By (3.23) and since Ti n ~ 2 (N Uk ) = 0, this will imply in particular that 

S fc c K n- 2 <9 J G + n <9 J GL n {|/| v < oo} . (3.29) 

We first recall that, by Lemma 3.6, if z € S Uk \ N Uk , then there exists v = v(z) G S"™ -2 
such that (3.28) holds true. Now, we easily find that 

{u k >t} = G+n{\f\<k-t}, vt>o, 



which in particular gives, 

zg f| d J (G + n{\f\<k-t}y 

0<t<u^(z) 

Since, by (3.20), uji(z) > k/2 for every z G £&, for e small enough we find that 

s fc \ N Uk c d J {G + n {|/| < * - (| - e ) }) = a J (G + n {|/| < | + e }) . 

Taking now into account that d J (A n B) n B (1) C (<9 J ,4) n B^ 1 ), we thus find 

(s,\^)n{|/|<^ + e } (1) ca J G + . 

Finally, since £& C {|/| < (k/2) + e}^\ we conclude that £& \ N Uk C d J G + . One proves 
analogously the inclusion in d G~ . 

Step eight: We have so far proved that, if k is large enough, then £& is a locally 7-L n ~ 2 - 
rectifiablesetinM™- 1 , with^"- 2 (S fe ) > 0, and S fe C d J G + nd J G-D{\f\ v < 00} (modulo 
H n ~ 2 ). Moreover, we have computed the Gaussian perimeter of F above £&. We now want 
to compute P- 1 (E; £& xl), in order to show that this last quantity is strictly larger than 
P-y(F; Sfc xl). To this end, it is convenient to divide £& into two parts, defined by the sets 
II_|_ an II_ introduced in this and in the following step. Precisely, we start this conclusive 
part of our argument by considering the set n + of those 

z g d J G+ n d J G- n {|/| v < 00} n (S c f u J f ) , 

such that, for some v G S n ^ 1 n R 71-1 , 

[G+)z,r ->■ H 0u , {G-) Z)T ->• Hq v , (3.30) 

{/ > s} ^ H+, , if z G J f and S G (/ A (z), / v (z)) . (3.31) 

We want to characterize (d E) z for 2 G n + , by showing that 

(d J E) z = n i (-00, -f A (z)) u (f(z), 00) , w g n + n {/ v > -/ A } , (3.32) 
(d J E) z = nl (-00, f v (z)) u (-/ A (z), 00) , Vz g n + n {f v < -f A } . (3.33) 

In particular, we shall prove that, if z G II + and f v (z) > —f A (z), then 

(z,t)£d J E, VtG (-oo,-/ A (z))u(/ v (z),oo), (3.34) 

(2,t)e#Cl"\a c £, VtG (-/ A (z),/ V (z)), (3.35) 

(so that (3.32) holds true, see Figure 3.1), while, if z G n + and f v (z) < —f A (z), then 

(z,t)ed J E, VtG (-oo,/ v (z))u(-/ A (z),oo), (3.36) 

(z, t) G B« C R n \ d c E , \ft G (/ v (z), -/ A (z)) . (3.37) 

(thus proving (3.33), see, once again, Figure 3.1). Before entering into the proof of (3.34), 
(3.35), (3.36), and (3.37), let us notice that (3.32) and (3.33) imply that 

(d J E) z = H i (-oo,a(z))U (b(z), oo), Vz G 11+ , (3.38) 

where we have set 

a(z) = min { - f A (z), f (z)} , b(z) = max { - f A (z), f (z)} . (3.39) 

We shall now provide the details of the proof of (3.34), noticing that (3.35), (3.36), and 
(3.37), can be proved by entirely analogous arguments. Let us thus consider z G n + with 
} v (^) > ~f A (z), and notice that, necessarily, f v (z) > (f v (z) + f A {z))/2 > 0. We now 
consider two separate cases. 
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(b) f v (z) < -f A (z) 



FIGURE 3.1. In panel (a) we consider the case when z e 11+ and f v (z) > 
—f A (z). In this case we must have f v (z) > 0, while, of course, f A (z) has ar- 
bitrary sign. Moreover, (d c E) z is H 1 -equivalent to (— oo,— f A (z)) U (f v (z), oo), 
see (3.34), and (~f A (z),f v (z)) is "^-equivalent to (£ (0) ) z , see (3.35). In panel 
(b) we consider the complementary case when z € 11+ and f v (z) < — f A (z). In 
this case (d c E) z is H ^equivalent to (— oo,/ v (z))U (— / A (z),oo), see (3.36), while 
(/ v (z), — f A (z)) is "^-equivalent to (E^) z , see (3.37). In both cases, of course, 
(d c F) z is ^-equivalent to (/ A (z),/ V (z)). 



Proof of (3.34) when t > f v (z) : Let r» > be such that t — r* > f v (z), so that 

{/ < s} g , r ^ R n_1 , {/ < -s},,r ^ , Vs G [t - r*, t + r.] , (3.40) 

thanks to the fact that / v (^) > 0. Since z G G + 1/2) n G a/2) C g[ 0) n g[, 0) , we have that 

H n (C (z , t) , r n ((Gi U Go) x r) ) = (r n ) ; (3.41) 

moreover, if r < r*, then by (3.40) and by (3.30) we have 

r(£nC (zAr n(G_xM)) = f ^ 1 (G_n{/<-s}nDJds (3.42) 

< 2rW n - 1 ({/<-(f-r,)}nD 2 
as well as, 

^K,t),M) nC (^ n ( G -X^ 



or 



2r?T- i (#^nG_nD 2 



o(r n ) (.3.43) 



Hence, by (3.41), (3.42), and (3.43), and by taking again into account (3.40) and (3.30), 



Mr A ^(W,o)J nC W 
= o(r n ) + y ! V- 1 ( (#+, A (g+ n {/ < s}) ) n D 2 , r ) ds 

= o(r n ) + J* ' T U n - 1 ( (G + Aff+,) n D,, r ) d S = o(r") . 

This proves that if t > f v (z), then (z,t) G d J E with £?( z ,t), r — > -f^g) (i/OV 

Proof of (3.34) w/ien £ < —f h {z) : In the subcase that t < —f v (z), we immediately see 
(by symmetry) that (z, t) G d J E with 

£( 2 ,t),r ™ H (0,Q),{yJ0) ■ ( 3 - 44 ) 

In particular, if z G 55, this concludes the proof of (3.34). We are thus left to consider 
the case that z G Jf and — f v (z) < t < —f A (z). In this case, we still record the validity 
of (3.44), but this time, in the proof, we also have to take (3.31) into account: indeed, by 
(3.31) we have that 

{f<s} z , r ^H^, Vse(f A (z),f(z)), 
therefore, if — / v (z) < t < —f A (z) then there exists r* > such that 

{/ < s} z , r ^ C H^ v , \/s G [t - n, t + n] . (3.45) 

We now notice that, since t + r* < —f A (z) < f A (z), then {/ < t+r*} Zjr — > 0, and therefore 

r(£nC (4r n(G + xM)) < f n n ~ 1 (G+n{f <s}nDjrfs (3.46) 

< 2rU n - 1 (G + C\{f <t + r,}nD v ) = o{r n ) . 
By (3.30), we similarly have 

K n ( H iz t) (u o) n C {*,t),r n (G + x K)) = 2r H"" 1 (#"„ n G+ n D z , r ) = o(r n ) . (3.47) 



,(l/2) nr ,(l/2)> 



By combining (3.46) and (3.47) with (3.41) (which holds true simply by z G G + (~)G_ 
we thus find 

= o(r n ) + J " 7T" 1 ( (ff-„A (g_ n {/ < -a}) ) n D*, r ) ds 
= o(r n ) + / r u n - 1 (g- n {/ < -a} n fT+„ n D 2 , r ) ds 
+ j r r- 1 ((i/-„\(G_n{/<- s }))nD z , r )d s 

< o(r n ) + 2r H"" 1 (G_ D {/ < -(t - r*)} D H+ D D 2 



+2rH"" 1 ((if-,\ (G_ n{/ < -(t + r # )}JJ n D 2 , r J = o(r") , 

where in the last step we have also (3.30) and (3.45). This concludes the proof of (3.34). 
Step nine : We finally find a contradiction. To this end, let us define II_ as the set of those 

z g d J G + n d J G- n {|/| v < oo} n (Sj u J f ) , 



such that, for some v £ S n 1 , 

(G+W -)• H 0u , (G-) Ztr -)• ff^, , (3.48) 

{/ > s } !^ c a- v , if z G j, an d a e (/^ (z), / v (z)) . (3.49) 

Let us now notice the following two facts. First, trivially, 

(n+ un_)n5^ = d J G+ n a J G_ n {|/| v < 00} n Sj . (3.50) 



a k 



Second, since Jf and S Uk are both countably TV 1 -rectifiable sets, we have that Vf = ± i/. 
"H n ~ 2 -a.e. on Jj n S^, and thus by (3.27) and (3.28), we find that 

(n+ u n_) n j f n s Uk = nn - 2 d J G + n d J G„ n {|/| v < 00} n J f n s Mfc . (3.51) 

Since H n ~ 2 (Sf \ Jf) = 0, we finally conclude that 

(n+ u n_) n s Uk = nn - 2 d J G+ n d J G- n {|/| v < 00} n s Uk . 

In particular, by (3.22) and (3.29), we may assume (up to replacing E with g(E)) that 

?f- 2 (s fe nn+)>o, 

for sufficiently large values of k. Since £& is countably % n_2 -rectifiable, by (2.9) and by 
(3.38) we find 



P 7 (£;(£ fc nH+)xR) = I dU n - 2 {z) [ dUl 

JS fe nn+ J(d J E) z 

= I <m^- 2 {z)( [ aiz <ml t + r <nA 

JT, k r\U + \J-oo Jb(z) J 



u 7 
"a(z) 

n fe nn + \J-oo Jb(z) 

where a and b have been defined as in (3.39). Since W},(R) = 1, we thus have 



F 7 (£;(S t nn + )xR)= / (l- 11 (a(z),b(z)))dn r !-\z) , 

while, by (3.26), 

p 7 (F;(s fc nn + )xM)= / ll (f\z),r(z))dn n 1 -\z). 



E fc nn_, 

Since P 7 (£; IV xM) > P 7 (F;W x R) for every Borel set W C R n_1 , by P 7 (£) = P 7 (F) 
we find that 

P 7 (£; (S fc n 11+) x R) = P 7 (F; (E fc D 11+) x R) . 

This leads to a contradiction with the fact that "H ra ~ 2 (£fc nH+) > and with the fact that 
the function 

5(a, P) = 1 — 7i( min{— a,/3},max{ — a,/3} J — 71 (a, /3) , V/3 > a , 

is strictly positive on {(a,/3) £ R 2 : /3 > a}. Indeed, if —a < P, then we have 

5(a,P) = 1 -7i(-a,/3) -7i(a,/3) = 1 -7i(-a,/3) -7i(-/3,-a) 
= l- 7l (-/3,/3)>0; 

if, instead, — a > P, then we have 

6(a,P) = 1 -7i(/3,-a) -7i(a,/3) = 1 -71(0,-0) > 0. 

This completes the proof of the implication (ii) =$■ (i). D 



Example 3.9. It may happen that v £ W(R n_1 ; [0, 1]) but G = {0 < v < 1} is not of 
locally finite perimeter in R n_1 . For example, if n > 3, take 

l |9 OO 

•7 ^ 

V ( Z ) = — ^2 1 [l/(2/ l +l) 1 /("- 2 ),l/(2/i) 1 /("-2)](kl) ) z G M n_1 . 

h=l 

In this case G = {0 < v < 1} is not of locally finite perimeter, as 

OO 

n n - 2 (B r nd c G) = n n - 2 (B r ndG) = (n-i)oj n ^ V +-^^ = o, Vr>o. 

^— ' in zn, + 1 

/i=/i(r) 

At the same time i; G W(R n-1 ; [0, 1]), as 

OO 

ID.KR"- 1 ) < v^T-^G) + 2(n - 1K-! £ W / M) ^ < °° • 

h=l 

Example 3.10. Consider an open equilateral triangle T in M 2 , and define an increasing 
sequence of open sets {Th}%L by setting To = T; T\ is obtained from To by adding a copy 
of T rescaled by a factor 1/3 to the center of each side of Tq; and so on. In this way, the 
open set A = U^Lo -^ nas ^ ne well-known von Koch curve K as its topological boundary. 
If we set 



-,dist(z,K)} 



u(z) = min-i - .distU, K) } , zeR 2 



.2 
then u is a Lipschitz function on R 2 with G , = {0<-u<l}=R 2 \i ; f. Notice that 

K = {v A = 0} = {v = 0} C G (1) , K = 1} = 0, 

that is G^ 1 ' n {-u A = 0} n {v v = 1} = K, and thus it is not countably T^-rectifiable. 
(Indeed, the Hausdorff dimension of K is equal to log(4)/log(3).) In particular, given a 
Borel partition {G+, G_} of G we cannot expect the set 

G {1) n d c G + n <9 C G_ n ({« A = 0} u {v y = i})cJf, 



to possess any rectifiability property. Notice also that, in this example, K = {v A = 0} 
essentially disconnects {0 < v < 1}, as it is seen by considering the non-trivial Borel 
partition {G+,G_} of G defined by G+ = A and G_ = R 2 \ A. (Indeed, we easily 
find that <9 e G+ = d c G- C K.) Also, by Theorem 1.3, we expect rigidity to fail. A 
counterexample to rigidity is obtained by setting 

£=(Fn(G + x R)) U (g(F) n(G_xI 

The fact that T 7 (T) = T 7 (T) descends from the proof of the implication (i) =4> (ii) that 
is presented in section 3.3. 

3.3. Proof of Theorem 1.3, (i) implies (ii). In this section we present the proof of 
the implication (i) =>• (ii) in Theorem 1.3. Let us recall the following general relation for 
essential boundaries 

d^(AnB)nB^ = (d^A)nB^, (3.52) 

that holds true for every pair of Lebesgue measurable sets A, B C R n . 

Proof of Theorem 1.3, (i) implies (ii). Overview: We shall prove that if (ii) fails then (i) 
fails. Precisely, let us assume the existence of a non-trivial Borel partition {G+,G_} of 
G = {0 < v < 1}, such that 

% n-2 f ( G (l) n d c Q+ n d c G \ \ ( {v A = Q | (J | V V = 1} \ \ = (353) 



We set G\ = {v = 1}, Go = {v = 0}, and then consider the Borel set 

E=(Fn ({G+ UGi)xR))u (g{F) n (G_ x R)) . 

The idea here is that since E is obtained by reflecting F across a region where the sections 
of F are either negligible or equivalent to R, then we should have P-y(E) = P 7 (i ? ); however, 
since n n ~ 1 (G + )'H n ~ 1 (G-) > by assumption, this would imply that both H n (EAF) > 
and U n (EAg(F)) > 0, and thus that (i) fails. In order to prove that P 7 (E) = P 7 (F) 
we shall first need to prove that E is a set of locally finite perimeter, and then use the 
information that its reduced boundary is "H n_1 -equivalent to its essential boundary in 
order to be able to check that no additional Gaussian perimeter is created in passing from 
F to E. 

Step one: In this step we gather some preliminary remarks to the strategy of proof de- 
scribed above. We start by noticing that, if we set for the sake of brevity, 

G\q-\- = G\ U Go U G4- , Gio— = G\ U Go U G_ , 
then by (3.52) and F n (G 10 + X R) = E n (G 10 + X R) we find that 

d c F n (g$ + xRJ= d c E n (g[ 1] 0+ x R] . (3.54) 

Similarly, starting from g(F) n (Gio- X R) = E D (Gio- x R), we deduce that 

a c ( 5 (F)) n (g^ ] _ x r) = d c £ n (g$_ x r) . (3.55) 



By (3.54) and (3.55), we thus find 



^- ! 9 c £n G^xl = ^ S e Ffl G^xl ; (3.56) 



^Ip 1 (d c £ n (G^. x Rj J = Ml- 1 (d c g{F) n (G^. x 

= U™- l (d c F n (g^. x R)j . (3.57) 

By (3.56) and (3.57), we are left to understand the situation outside the cylinder of basis 
W i-\ \ ( G (i) + u g^_). To this end, let us notice that, 

Wo+ — <jr - ' ^10- — (j + ' a Crio+ — c Cr_ , a Grio^ — o 1 Cr + , 
so that 

r- 1 \(gS + ugS_) = (Gi ) + ua c G 10+ )n(Gf ) _u5 c G 10 -) 

= d c G + (~)d c G-. (3.58) 

Let us also notice that, by (3.53) and [Fed69, 2.10.45], 

^"^([(gW n a c G + na c G_) \ ({/ = 0} u {/ = i}j] xi)=o. (3.59) 

(Notice that we cannot apply (2.9) here, since d c G+ n <9 C G_ may fail to be countably 
% n-2 -rectifiable; see Example 3.10.) By taking into account that d e Go- = {d?G a n d c G) U 
(<9 e G CT n G*- 1 )) for a € {+,—}, we are thus left to understand the situation inside the 
cylinder [W\ U W2) X R, where we have set, 

Wi = G^ n d c G+ n d c G- n ({v A = 0} U {t; v = 1}) , 
W 2 = d c GC\d c G+C\d c G-. 
In fact, by taking into account that 

d c G C {zEr 1 :6*({v = 0},z) >0}U{z€R n ~ 1 : 6* ({v = 1} , z) > 0} 
C {t, A = 0} U {^ v = 1} , 



we find 

W 2 = d c G n d c G+ n d c G- n {{v A = 0} u {v y = l}) , 

so that 

Wi U W 2 = d c G+ n d c GL n ({v A = 0} U {t> v = 1}) . (3.60) 



Step two : We show that E and F have no essential boundary above {v v = 0} U {t> A = 1}. 
Indeed, we are going to prove 

{/ = 0}xlc £ (0) n f(°) , (3.61) 

{/ = l}xlc £ (1) n F^ , (3.62) 
thus deducing that 

H!;- 1 (d c F n ({i> v =0}xl))= n^ 1 (d c E n ({v v =0}xRJ)=0, (3.63) 

U™- 1 (d c F n ({v A = l}xRJ)= nl 1 " 1 (d c E n ({v A = 1}xr))=0. (3.64) 

Let us show for example that if z € {v v = 0}, then (z, s) £ -F/™ for every s £ R. Indeed, 
if s £ R and r < 1, then 

n n (Enc {z ^ r ) = 2rn n - 1 (T> z , r nG 1 )+ I u n ~ x {p z , r n G+ n {/ < t}) dt 

J s—r 

+ I u n ~ x (p z , r n G_ n {/ < -t}) dt 

J s—r ^ ' 

< 2rn n - 1 (V z ,rnG 1 ) + 2rn n - 1 (T> z , r ri{f < H + l}) = o(r n ), 

where in the last identity we have used the assumption that v v (z) = (and thus f A (z) = 
+oo) to deduce that 9({f < \s\ + l},z) = 0. This proves (3.61), and (3.62) follows 
analogously. 

Step three : We show that E is of locally finite perimeter. To this end, by taking into 
account step one and step two, it suffices to prove that 

W^ _1 (9 e -En(SixR))<oo J (3.65) 

where we have set 

£i = d c G+ n d c G_ n ({o = v A < v v } u {v A < v v = 1} 

We now claim that, if z £ {0 = v A < v v } U {v A < v v = 1}, then 

{d c E) z C H i (8 C F) Z U (d c g(F)) z . (3.66) 

Indeed, on the one hand, by (3.13), we have that 

(d c F) z = w i [/ A (z), oo) , V Z £{0 = /< v v } , (3.67) 

(d c F) z = w i(-oc,/ v (z)], Vze{v A <v v = l}; (3.68) 

on the other hand, we also have, for every z £ R ra_1 , 

(d c £), C (-oo,-/ A (z)]U[/ A (z),oo), (3.69) 

(d c E) z C (-oc,/ v (z)]U[-/ v (z),oc); (3.70) 

see Figure 3.2. Let us show, for example, the validity of (3.69): if f A (z) < 0, then inclusion 
is trivial; if we thus assume that f A (z) > 0, then we have v v (z) < 1/2, thus that 

= 6{{v >2/3},z) >0(Gi,z); 




(z,f A (z)) 




(a) 

r(z) < o < r(z) 



(b) 

0</ A (z)</ v (z) 



(z,r(z)) 

(c) : 

/ A W</ v W<o 



FIGURE 3.2. The three cases one has to consider in describing (d c E) z . Notice 
that, in case (a), both inclusions (3.69) and (3.70) are trivial; in case (b), (3.70) 
is trivial, and (3.69) carries all the useful information; finally, in case (c), (3.69) is 
trivial, and (3.70) is not. 



-f V (z) 



f V (z) 



that is, z E G\ . Hence, 



n n (E n C (2jt)ir ) = 2rn n -\G 1 n D 2 , r ) + / n n -\G + n{/< s }nD 2 

Jt-r 



ft+r 

+ / u n - 1 

Jt-r 

,n-\ 



t+r 
t-r 

(G_n{/< -s}r\~D z , r )ds 



ds 



< o(r") + 2r^ n ^ 1 ({/<|t|+r}nD z , r ); 
therefore, if t € (—f A (z), f A (z)) and r < r* for a suitable value of r*, then we have 

n n (E n C {zAr ) < o(r n ) + 2rH n ~\{f < \t\ + r*} D D 2 , r ) = o(r n ) , 
that is, (^,t) £ -E' ); in other words, 

(-/ A (4/ A W)c(B (0) ) 2 ci\p) 21 

that is (3.69). The proof of (3.70) is analogous; by taking into account (3.67), (3.( 
(3.69), and (3.70), we thus find (3.66), which in particular gives 



H 



n—l 



d c E n [Ei x 



<2U n - 1 (d c Fn Six 



(3.71) 



and thus proves (3.65). By (3.56), (3.57), (3.58), (3.59), (3.60), (3.63), (3.64) and (3.65), we 
thus find 1~C}~ l {d c E) < oo. Hence, by Federer's criterion, E is of locally finite perimeter. 

Step four: We have proved so far that E is a set of locally finite perimeter with 

P 7 (£; (M™- 1 \ Ei) xl) = P 7 (F; (M"" 1 \ E x ) x R) 

Since P 7 (£ r ; W x R) > P 7 (P; W x R) for every Borel set W C IR™ -1 , we only need to show 

P 7 (P;Ei xR) < P 7 (F;Ei xl). (3.72) 

By Federer's theorem, 'H n ~ 1 (d c E \ d E) = 0, and, moreover, by Proposition 3.4 we have 



that n n - 2 (S f \J f ) = (so that ^ n " 1 ((5 / \ J f ) 



0). Since {v A = 0} = {/ v = oo} 



and {v v = 1} = {f 



-oo}, we conclude that (3.72) follows by 
U r '- x (d J E n (E 2 x M)) < U n - x {d c F n (E 2 x 



(3.73) 



where 



s 2 = d c G + n a c G_ n J f n ({ - oo < f A < f v = oo} u { - oo = f A < f v < oo}) . 




(a) f A (z)<0 




(z,t(z)) 
(z,0) 




(2, to) 



.«&?) 



G_ G+ 

(a), case two 



E 



I 



( 2 ,0) 



(b) r(z) > o 



G+ 

(b), case one 



G. 




G_ 

(b), case two 



(2, to) 



G A 



FIGURE 3.3. The situation in the proof of (3.75) and (3.76). If f A (z) < 0, 
then (3.79) shows that (f A (z),-f A (z)) is contained both in {d c F) z and (d c E) z . 
Moreover, if f A (z) < and we are in case one, then, see (3.81), there exists 
t > -f A (z) such that (z,t ) e d J E, (d c E) z and (d c F) z arc both U l -equivalent 
to (/ A (z),oo), and (3.75) holds true. Finally, if f A (z) < and we are in case 
two, then, see (3.82), there exists t < f A {z) such that (z,t ) <G d J E, (d°E) z 
and g((d°F) z ) are both H 1 equivalent to (— oo, f A (z)), and thus (3.76) holds true. 
Similar remarks apply when ,f A (z) > 0. 



We now turn to the proof of (3.73), and thus complete the proof of the implication (ii) => 
(i). To this end, we pick 

zGJ/n({-oo</ A </ v = oo}u{-oo = / A </ v < oo}) 

and show that either (d J E) z C%i (d J F) z or (d J ' E) z C-^i g((d J F) z ). In fact, by symmetry, 
we only have to consider the case 

zeJ/n {-oo < f A < f v = oo} . 

Under assumption (3.74), we thus want to show that 

either (d J ' E) z c w i (d J F) z = n i (/ A (z), oo) , 

(d J E) z c w i g((d J F) z ) = nl (_oo,-/ A (z)). 



or 



We first notice that, by Lemma 3.6, there exists v £ S n 1 n M n x such that 



U<s} 



:,r -+ H 



IOC rt, 



Vs>/ A (z), 
Vs</ A (z). 



(3.74) 

(3.75) 
(3.76) 



(3.77) 
(3.78) 



Moreover, we have the inclusions, 

(d J E) z n(f A (z),-t(z)) c«i (d J F) z , iff A (z)<0, (3.79) 

(9 J 4n(-/ A (4/ A (z)) c H i 0, if/ A W>0, (3.80) 

that follow by (3.67) and (3.69). We now divide our argument into two cases. 
Case one: assuming that there exists to G {d J E) z with to > l/ A ( z )l we show that 

{t€ {d J E) z : \t\ > \f A (z)\) = (|/ A (z)|,oo) . (3.81) 

Case two: assuming that there exists to £ (d J E) z with to < — \f A (z)\ we show that 

{t G (d J £), : \t\ > \f A (z)\] = ( - oo, -\f A (z)\) . (3.82) 

Before entering into the proof of the two cases, let us notice how they allow to complete the 
proof of the theorem (see also Figure 3.3.) Indeed, if none of the two cases holds true, this 
means that (d J E) z C n i (-\f A (z)\,\f A (z)\), and then the validity of either (3.75) or (3.76) 
follows by (3.79) and (3.80). (Just notice that when f A (z) < 0, then (-\f A (z)\,\f A (z)\) C 
(d J F) z n g(d J F) z .) Similarly, if we are in the first case, and f A {z) > 0, then (3.75) follows 
by combining (3.80) with (3.81); if we are in the first case and f A (z) < 0, then (3.75) 
follows by (3.79) and (3.81); finally, if we are in the second case then (3.76) holds true by 
combining (3.79), (3.80), and (3.82). We prove (3.81) and (3.82) in the next step. 

Step five: We assume to be in the first case, and prove (3.81). Let us first prove that 

H n -\T> z ,r n G 1 + n H+ v ) = ""-y" - + o(r n ~ l ) , (3.83) 

and thus, clearly, that 

■H n -\B Zir n Go_ n H+„) = o{r n ~ l ) , (3.84) 

where we have set G\ + = G + U G\ and Go- = G_ U Go- To prove (3.83), we pick t\ and 
ti such that |/ A (-z)| < t\ < to < t2- Since (z, to) G d J ' E, and since every half-space H with 
x £ dH cuts C x ,r into two halves of equal volume, we find that 

tj (C( Z;fo ) [T .) ■x/w/' Fn r 1 ^ 

Yo[r ) - H {ED ^( z ,t ),r) 

rto+r 



= [ ° H n ^(D v n d + n {/ < a}) + ^ n " 1 (D 2 , r n G_ n {/ < -s}) ds 
< 2rH n -\r> z , r nG 1+ n{f< t 2 }) ds + o(r n ) , 



where in the last identity we have used (3.78) with s = —t\ < — \f A {z)\ < f A {z). By 
applying (3.77) with s = t 2 > \f A {z)\ > f A (z), and since H" _1 (C r ) = 2w„_ir n , we find 

Wn _ ir n + o(r ") < 2rH n - 1 (Vz,r n G 1+ n il+J + o(r") . 

that is 

l ±z^ + 0(r n-i) < W n-i( D , >r n G 1+ n H+ ) < ^4^ . 



This proves (3.83), and thus (3.84). We now pick t > \f A (z)\, we now choose t\ and t 2 to 
be such that |/ A (z)| < t\ < t < t2, and then notice that 

n n ((EAH+ )nc {z , t):r ) = I r n n - 1 (v z , r riG 1+ n{f<s}nH- u )ds 

J t—r 

+ f H^Hd^. n Gi + n {/ > s} n h+ v ) ds 

Jt-r 

+ [ ^ 1 (D v nG_n{/< -s}nH-)ds 

Jt-r 

+ / H n_1 (D 2 , r n G_ n {/ > -s} n H+) ds , 

Jt-r 

so that, H n {(EAH+j l{ufi) ) n C (z , t)>r ) < 2r (/1 + I 2 + 7 3 + h) where 
/! = U n - l (T> z , r C\G l+ C\{f <t 2 }C\H- u ), 

i 2 = H n - 1 {D z , r nG 1+ n{f>t 1 }nH+„), 
h = 77"- 1 (D 2 , r nG_n{/<-i 1 }n/7-J, 
j 4 = w»- 1 (D Z)r nG_n{/>-t 2 }nfr+,). 

We see that h = h = o{r n - 1 ) by (3.77), while I 3 = o{r n " 1 ) by (3.78), and J 4 = c^r™- 1 ) 
by (3.84). We have thus proved that 

(\r(z)\,^)c(d j E) z . 

In order to conclude the proof of (3.81) we will now prove that 

(-oo,-|f A (^)|)c£(°). 

Indeed, let us pick t < — \f A (z)\. This time we set t\ and t 2 to be such that t\ < t < t 2 < 
— \f A (z)\. In this way, by arguing as above, and by also recalling that z € G\ , we find 

H n (E n c M>r ) < 2rH n - 1 (n z , r nG + n{f<t 2 }) 

+2rn n -\~D Zt r nG_n{/< -ti}) . 

where the first term is o{r n ) by (3.78). By (3.77) we thus find 

H n (E n C {z>t)>r ) = o(r n ) + 2rH n - l (D z , r nG-fl H+„) = o(r n ) , 

where the last identity follows by (3.84). Hence (z,t) S E^\ as claimed, and the proof of 
(3.81) is completed. In order to prove (3.82), we notice that the existence of to < — l/ A (^)l 
such that (z, to) £ d J E, implies 

n n -\-D z , r n g 1+ n # +,) = o^"- 1 ) . (3.85) 

The proof of (3.82) is then analogous to that of (3.81), with (3.85) in place of (3.84). □ 

3.4. Proof of Theorem 1.3 and Theorem 1.6. We finally complete the proof of our 
two main results. 

Proof of Theorem 1.3. The equivalence of (i) and (ii) is proved in sections 3.2 and 3.3. □ 

Proof of Theorem 1 . 6. Step one : We show that if a Borel set G C M. is essentially con- 
nected, then G^ 1 ' is an interval. Indeed, let us prove that, if a, b G G^ 1 ' with a < b and 
c G (a, b), then c G G^ 1 '. To see this, we set G + = Gn (c, oo), G_ = Gn (— oo,c), so that 



{G+,G_} is a Borel partition of G modulo H 1 . In fact, U l {G + )U l (G -) > 0. Indeed, 
should 1-L l (G + ) = 0, then we would have (G + )W = 0, and thus 

b g G« n (c, oo)W c(cn (c, oo)) (1) = (G+)« = , 

a contradiction. Since G is essentially connected, we find 

H°(G {1) nd c G + nd c G-) >0. (3.86) 

Since G« n d c G+ = G« n {c} and G« n d c G_ = G<U n {c}, (3.86) gives c G G^\ 

Step two: If {-u A = 0} U {t> v = 1} does not essentially disconnect {0 < v < 1}, then, in 
particular, {0 < v < 1} is essentially connected, and thus "% -^equivalent to an open interval 
I by step one. Let now c £ I, and assume that v A (c) = 0. Since {c} (thus {v A = 0}) 
essentially disconnects /, by Remark 1.1 we find that {v A = 0} essentially disconnects 
{0 < v < 1}, a contradiction. Therefore, v A > on /. We similarly see that v v < 1 on /. 
This shows that assumption (ii) in Theorem 1.3 implies assumption (ii) in Theorem 1.6. 
Since the reverse implication is trivial, we are done. □ 

4. Some further conditions for rigidity 

As noticed in Remark 1.7, a natural question is whether it is possible to formulate 
sufficient conditions for rigidity in terms of suitable connectedness properties of F[v]. 
Referring readers to the remark for a list of examples and possible conditions, we prove 
here two results, that provide simple sufficient conditions for rigidity. 

Theorem 4.1. If v : W 1 ^ 1 — > [0,1] is Lebesgue measurable and such that P~,(F[v]) < oo, 
and if there exists a sequence th — > as h — ^ oo such that, for every h G N, 

F[v] fl ({th < v < 1 — th} x RJ is essentially connected in W 1 , (4.1) 

then E G M(v) if and only ifH n (EAF[v]) = or H n (EAg(F[v})) = 0. 

Proof. We notice that in the proof of (ii) implies (i) in Theorem 1.3, assumption (ii) was 
used only to guarantee the validity of (3.18), that in turn was used in step five of that 
proof to deduce that W n_2 (£fc) > 0. Thus, in order to prove that (4.1) implies rigidity, it 
will suffice to show that it implies %™~ 2 (Xfc) > for k large enough. Let us now set 

Gh = {t h <v<l-t h }, F h = Fn(G h xR), hen. 

If we set G h ,+ = G + nG h and G h ,- = G_nG h , then n n - 1 {G h ,±) -> U n -\G±) as h -»• oo. 
Hence, ^ ra_1 (G/j j+ )'H n_1 (G/j j _) > for h large enough, and, correspondingly, the sets 

F h ,+ = F n (G h ,+ x M) , iV = F n {G h ,- x R) , 
define a non-trivial Lebesgue measurable partition {i^ + ,i*) l } of Fh- By (4.1), 

u n - x {d c F K + n d c iv n f^) > o , (4.2) 

for /i large enough. Let us now set 

A h = p(ViV n d c F K _ n F { h 1] ) , v/i g N . 

If H n - 2 (A h ) < oo, then, by [Fed69, 2.10.45], for every R > we have 
U n -\k h )C\{-R,R)) > c(n)H n -HAhx(-R,R)) 

> c(n) U n - 1 (d c F h ,+ n d c F K _ n F { h 1] n {|qx| < i2}) , 

so that, by (4.2), / H n ~ 2 (Ah) > for every h large enough. We now claim that, given h G N 
there exists fe^ G N such that 

A h C S fc , Vfc > fe h ; (4.3) 



this will conclude the proof. To show (4.3), we start noticing that 

z e G<°> =► z e eg. 

=► (z,a)G(G fc)+ xR)(°) J VsGR, 

=► (z,s)e[Fn(G u xR)f , VsGR, 

=* « £ p(0"*M-) ; 

similarly, being G+ and G_ disjoint, z G G^ implies z G G_ , and thus z ^ p(9 c i 7 ) lj _). 
We have thus proved so far that 

A h C p(d e F h)+ n d e F h _) c a c G+ n d c G- , V/i G N . (4.4) 

We now notice that 

G« c {v>t h }Wn{v<i-t h }W 

(by (2.3) and (2.4)) C {v A > t h } n {v v < 1 - t h } 

(by (2.6)) C {/ v < *(^)} n {/ A > *(1 - ^)} . (4.5) 

Hence, if x G F^ , then x G (G^ x R)W, and thus px = z G G^ , so that, by (4.5), 

A/ l cGt 1) c{/ v <vI/(t h )}n{/ A >vI/(l-t /l )}, V/iGN. (4.6) 

By combining (4.4), (4.6), and the definition of £&, we thus come to prove (4.3), provided 
we choose kh such that kh > *&(th) an d ~~ kh < ^(1 — £/»)• This completes the proof. D 

Theorem 4.2. Ifv:M>—> [0, 1] is Lebesgue measurable with P 7 (F[v]) < oo, and &o£/j F[v] 
and R 2 \ F[v] are indecomposable sets, then E G A4(v) if and only ifH 2 (EAF[v]) = or 
n 2 (EAg(F[v}))=0. 

Proof. Step one: We show that, if F = F[v] is indecomposable in R 2 and v A (c) = 0, then 

H 2 {F n ((c, oo) x R)) % 2 (F n ((-oo, c)xl)) = 0. (4.7) 

Indeed, let us assume this is not the case, and set F + = F D ((c, oo) x R) and F_ = 
Ffl ((— oo, c) x R). We claim that {i*+, F_} is a non-trivial partition of F by sets of locally 
finite perimeter with the property that 

F (1) n d c F + n d c F_ = , (4.8) 

against the indecomposability of F. To show that (4.8) holds true, let us notice that since 
F + and F^ are disjoint subsets of F whose union is F, we have 

F (1) n d c F + n d c F_ = F (1) n d c F + = F (1) n ({c} x R) . 

However, if (c, t) G -F' 1 ' for some t G R, then for every r < 1 we find 

4r 2 + o(r 2 ) = H 2 (FnC {Cttlr )= [ ' U 1 ^ n {/ < s}) ds 

< 2r^ 1 (D c , r n{/<t + l}), 
which leads to a contradiction as, by v A (c) = (that is, / v (c) = +oo), we have 

1 , m , nf W(D„n { /< i + i}) <l 

r^o+ 2r 

This proves (4.8), thus our claim. 

Step two: By arguing as in the proof of step one, we notice that, if M?\F is indecomposable 
in R 2 and v v (c) = 1, then 

n 2 ({(c, oo) x R) \ F) n 2 {({-oo, c) x R) \ F) = . (4.9) 



Step three: We show that, if both F and M. 2 \ F are indecomposable, then {0 < v < 1} is 
T^-equivalent to an open interval. Indeed, let / be the least closed interval that contains 
{0 < v < 1} modulo H 1 . If {0 < v < 1} is not T^-equivalent to /, then there exists 
J C / n ({v = 0} U {v = 1}) with U l {J) > 0. In particular, if e = U 1 ^)/^, then there 
exists c G jW with 

c>inf/ + e, c<sup/-e. (4.10) 

By (4.10), and by minimality of I, we see that 

n 2 (F n ((c, oo) x R)) h 2 (f n ((-<», c ) x R)) > o , (4.11) 

n 2 (((c, oo)xl)\ F) n 2 (((-oo, c) X R) \ F) > . (4.12) 

By c e J (1) we find c G ({« = 0} U {v = 1}) (1) , and thus either 6*({v = 0},c) > 
or 6*({v = l},c) > 0; therefore, either v A (c) = (but then (4.11) contradicts (4.7)) or 
f v (c) = 1 (but then (4.12) contradicts (4.9)). Hence, {0 < v < 1} is ^ 1 -equivalent to the 
interval /. 

Step four: We prove the validity of condition (ii) in Theorem 1.6 by a simple combination 
of the first three steps. Hence, rigidity holds true by Theorem 1.6. □ 
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